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NUMERICAL LUNAR THEORY 


Preface 

The treatise "which I now place before the public is not offered as bearing the charactex of a 
Complete Theory of the motions of the Moon It is rather an Examination of Lunar Theory, as 
tested by the substitution of numbers, for symbols, 01 foi the results of long and complicated 
operations conducted exclusively by use of symbols , and, for this reason, the distinctive word 
Numerical is adopted in its title It was begun almost accidentally, from an inspection of 
the differential equations of the Moon’s motions, and a trial how far these equations would be 
satisfied by numerical values of co-officients of a limited numbei of terms furnished by Delaunay’s 
theoiy To my groat surpuse, large discordances appeared An opportunity presented itself, of 
communicating these results to the Board of Visitors of the Royal Obseivatory, at one of their 
periodical meetings On the representation made by that body to the Board of Admiralty, and 
through them to the Lords Commissioners of Her Majesty’s .Treasury, authority was given to me 
to proceed with the investigation, and to the Royal Stationery Office to pnnt the work, when 
completed, at the public expense 

It was undei stood that all calculations would be caauod to the 7th deoimal of the adopted 
unit (the Moon’s mean distance), corresponding nearly to & of a second of aic Calculations 
were made in duplicate, and the mass became heavy and expensive Duung mj connexion with 
the Royal Observatoiy, sums were allowed on the Observatory Estimates, for the expense of 
calculations After my le&ignation of the Office of Astionomer Royal (and indeed before tho 
last estimate could be drawn), I had no further public assistance For reimbursement of 
exponsos which I had inourred, and for future expenses, a pecuniary contribution was made by a 
Member of tho Board of Visitors, well known for his scientific enterprise in a totally different 
direction, hut who had also provod, by extensive pnvate outlay, and by very successful use of a 
special class of instruments, the interest which he took in astronomical inquiries 
The woik was greatly delayed by the heavy piessuie of business, not only in the ordinary 
conduct of the Observatory, but also m completing the preparations, reports, and calculations, 
for the Transit of Venus of the year 1874, and m preparing for that of 1883 

On the work itself, I now offer some remarks I have explained above that the principle of 
operations was, to arrange the fundamental mechanical equations m a form suited for the inves- 
tigations of Lunar Theory , to substitute m the terms of these equations the numerical values 
furnished by Delaunay’s great work , and to examine whether the equations are thereby satisfied 
With painful alarm, I find that they are not satisfied , and that the discordance, Or failure of 
satisfying the equations, i& large The critical tnal depends on the gxeat mass of computations in 
Section II These have been made in duphoate, with all the care for accuracy that anxiety could 
supply Still I cannot but fear that the emu which is the source of discordance must be on my 
part I cannot conjecture whether I may be able to examine sufficiently into this matter 
a 15205 wt lersi . 0 
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The work consists r eally of two parts , that which is based on spherical form of the earth, and 
that which is given by the oblateness of its real form The alarm which I have expressed applies 
solely to the first of these On the second, though its results differ from those of some astronomors, 
I have no fear of error Of other chapters it is not necessary to speak 
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The proposed Lunar Theory was first brought before the Public by the following address to the 
Royal Astronomical Society at their Meeting of 1874, Januaiy 9 

In placing before the public a somewhat novel form of treatment of the Lunary Theory, it 
appears desirable to mtioduce the explanation of the method now proposed by a rapid suivey of 
the methods hitherto employed 

In the whole range of physical mathematics, there is perhaps nothing more lemarkable than 
the beauty of the geometrical integrations, m the III Book of Newton's Pi mmpm, foi the Lunar 
Inequalities m Latitude and for the Lunar Variation , and the general accuracy of the results 
It is clear also, from a few remarks m the nth Section of the I 3 ook,*and from an unexplained 
remark on the comparison of the inequalities of the satellites of other planets with those of oui 
Moon m the HI Book, that "Newton perfectly understood the origin of what are now called the 
terms of the second order, by whioh the Velocity of Progression of the Apse, and the Eveotion, 
are so much increased But Newton published no numerical calculation of those quantities , and 
the theory was, so far, left imperfect A moie powerful calculus was necessaiy 

The want was supplied by the Diffei ential Calculus, in the shape in which it was established 
among Continental Mathematicians , and the particular form in which it was appliod by Olairaut 
to the Lunar Theory exhibited at onco the powei of the Calculus and the ease of applying it 
The simple form of Clairaut’s differential equations for parallax and latitude opened out the 
entire process of extonding the theory to any degroe of accuracy, and showod at the same time 
the steps by which penodical inequalities of one form are deduoed from the combination of 
periodical inequalities of other forms I think that scarcely sufficient honour has boon given 
to Olairaut for the foimation of this special equation, without which the progress of the 
theoiy would probably have been very slow Even now it is tho host form in which a 
beginner can enter upon the studies of tho Lunar Theoiy Clanaut’s theory gives tho time in 
terms of the arc of longitude described, which is not without advantage in tbo treatment of 
equations of long period , but it requires a final reversion of senes, m 01 der to give tho longitude 
in terms of the time Mathematicians m the later part of the presont century have prefen od a 
form in which the Moon’s ordinates are expressed immediately in terms of the time I give my 
adhesion to this method , but at the same time I am anxious to offer my testimony to the valuo 
of the process so successfully introduced at a most cntical pomt in tho progress of the science 

The next important extensions of the theory weie those of Laplace and Damoiseau both 
founded on Clairaut’s equation , both exhibiting the subordinate equations denved from the 
comparison of co efficients which are expressed by unexpanded algobraical fractions whose 
denominators are very complicated (the piles of these fractions, especially in Damoiseau’s work, 
are appalling) , both giving the first results in numerical values for the oo-efficionte of numerous 
argument* which are multiples of longitude , both leavmg m great obscurity the process by which 
the numerical solutions of these algebraical comparisons were obtained , and both giving the 
final results m terms depending on the time Damoiseau, however, added to this investigation a 
woik which demands oui gratitude a system of Lunar Tables expressly founded on the aggrega- 
tion of simple periodical terms having for arguments different multiples of the time It was by 
use of these Tables (with small additions denved principally fiom Plana) that I conducted the 
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great Red uction of Lunar Observations from 1750 to 1853, and deduced from them the 
canectums of the principal 00 efficients Damoiaeau’s angular values were all expressed in the 
flantflinmnl division of the quadrant a method which possesses so many advantages that I hope 
for its adoption in future tables 

Plana a w ork, which followed, was not entirely pure in its method It commences, for instance, 
with on application of theorems foi the “variation of constants,’ heie introduced with great 
advantage But in the more advanced parts it may be described as established on the use of the 
a , th e in dependent variable, and as exhibiting every co-efficient in a series of algebraical 
tennfl -^thout denominat ors Viewed as leading to an algebraical lesult, this work was a great 
advance beyond all which had preceded it , and in numeucal accuracy it is probable that some- 
thing was gained 

I do not advert to the extensive investigations of Lnbboek, because they were principally m 
the nature of verifications, adopting geneially M Plena’s system Nor do I consider the impor- 
tant q uestions raised by Professor Adams, because they are, in fact, a re- examination of specific 
pmntfl m & received theory Professor Hansen’s theoiy and tables require mention, principally 
m ex planation of my reasons for almost omitting them from a view of the progress of the 
furiATiro 1 attach the highest value tq Professor Hansen's discovery of two inequalities in 
longitude produced by Venue, of which one is universally accepted, and the other, though con- 
troverted, still appears plausible And I value the new equation which he introduced iu the 
Moon’s latitude I believe also that the object which Piofessor Hansen originally proposed to 
tiimanlf, namely, tbe more rapid convergance of terms, has been (in some measure at least) 
attained Yet I think that tbe general form of bis theory, differing so much from the two 
systems which had preceded it, and presenting little facility for correcting elements from obser- 
vations, is so far objectionable that it is not likely to be adopted by future lunar theorists , and 
that its introduction was, in feet, a retrogade step But, in common with all who axe practically 
concerned with lunar observations, I am grateful for his Lunar Tables , which, embodying the 
results of hia own theory and the Greenwich corrections of elements, and published at a tune 
when the existing tables weie running wild, have been most beneficial to practical science 

But there remains one glorious work, almost superhuman in its labour, and perfect beyond 
others m the detailed exhibition of its lesults , the Lunar Theory of D elaunay Tn this the tune 
is adopted as the independent variable The masses of undeveloped fractions here exhibited are 
greater than those of Damoiseau , the development m terms without denominators is more 
extensive than that of Plana , and the numerical evaluation of every term is more complete than 
that of any preceding writer Some terms to wlnah we should have attached great interest are 
lost (at least for the present) by the untimely death ot M Delaunay 

Now m all these woiks, bo far as I have remarked, the following characteristics 
hold — 

•ft 

(i ) Each investigator baa begun boa work de novo, without making any us© of the results of 
preceding investigators, even with the application of contingent corrections 

(%) Eaoh investigator has used the fractions, in symbolical terms, to which. X have alluded , 
by adherence to tbe symbolical form, has been compelled to expand them in senes 
with rapidly increasing Ofr-efficients 
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(3 ) The nature of the steps has compelled the mvestigatois to decide the succession of their 
terms, not by numerical magnitude, but by algebraical oidei And this has produced 
great inequality of convergence Delaunay’s smallei co efficients aie piobably conect, 
as he has exhibited them, to o" 0001 , but bis largei terms conveige so Jowly that he 
has been compelled to supplement them by an assumed law of decrease , and they may 
perhaps be in error by almost 1'' 0000 

(4 ) The mental labour m these operations is fearfully great M Plana once remarked to me, 

“ Quelquefois, Monsieur, ces calculs me font piesque perdre la t$te ” 

(5 ) This labour cannot be alleviated, even in the examination ot workfdone, by an amanuensis 
01 assistant * 

In consideration of these circumstances (which I have known, os well from examination of the 
woiks of others, as from my pnvate investigations), I have long held the opinion that a Lunai 
Theory, in whioh every co efficient is expressed, from the very beginning of the process and 
throughout, by Bimple numbers, is veiy desirable My ideas on this subject have by degrees 
assumed an orderly form , and I am now able to exhibit then leading points, as follow — 

(i # ) I propose to assume Delaunay’s final numerical expressions, for longitude, latitude, and 
paiallax, with the addition of secular equations, as my fundamental numbers These 
vull he eonverted into other numerical expressions referred to more convenient umts 
To eveij number, as far as I think necessary, will be attached a symbolic term for 
contingent conection , in some cases considered as varying with the time In all cases 
I assume that this correction will be so small that its first powei will be sufficient 
The secular terms will probably introduce cosines with smes of the same argu- 
ment 

(%* ) I propose to substitute these numbers with symbolical corrections m the equations in 
which the time is adopted as independent variable The fractions to which I have 
alluded will still occur, but not in a troublesome symbolical form The gieatest com- 
plication of deno minat ors will bo that of “ a number with small symbolical correction 
attached to it , ” which will be instantly converted into two terms without denominator 
There will never be an infinite senes 

(3* ) The order ot terms will be numencal , and, as far as I peioeive, they will he equally 
accurate throughout 

(4* ) The details ot the work will be veiy easy 

(5 # ) A great paat of the work can be intrusted to a mere computer, and probably the whole 
can he examined, or can be repeated in duplicate, by such assistant 

To this I add — 

^6* ) Phave stiong confidence that equations of very long period may thus he examined with 
great severity, especially when there is reason to suspect that the form of the principal 
arguments may be slightly changed 

(7* ) The result of the comparison of the teims m the mechanical or gravitational equations 
will he, a great number of equations for determining the numencal values of a great 
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numbei of small quantities I anticipate no difficulty in the solution , it is usually 
sufficient for the determination of any one of the small quantities, to change (where 
necessary) the sign of its co-efficient, so as to have all its co-efficients with the same 
sign (the sign of the constant term being also changed), and to add all , neglecting all 
the other unknown quantities In some cases, however, it may he necessaiy to tieat 
two of these corrections m combination 

Though very late, I have actually begun a Lunar Theoxy in the shape which I have 
described 
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NUMERICAL LUNAR THEORY. 


INTRODUCTION 

The principle of this Theoiy is, that the formulae or numbers defining for any moment the 
position of the Moon, which have been obtained by Delaunay from algebraical theory, are used 
as a very approximate basis , but that every term is supposed to admit of a correction, so small 
ttiatits square will never be sensible, an^that.m prosecuting tho algebraic troatment of the 
quations of Lunar Theory, this correction is to be expressed as an Algebraical Symbol pec uliar 
to each term, caJled the “Symbolical Variation’' of that term, but that its real value applicable 
to each term is ultimately to be obtained in a Numerical form For this purpose, the work 
must be earned through the following successive steps 

1 The aJgebraioal form of the Lunar Theory must be given This, as m all theories of the 
motion of a free body m space, will consist of three independent Fundamental Equations [which, 
at the end of Section I and through the work, will be distinguished as Equation (10), 
Equation (n), Equation (ia)] Each of these equations will consist of two parts 
The first side (which we shall call the orbital side) contains algebraical and numerical 
quantities, which consist only of combinations and differentials of the assumed (Delaunay's) 
formulae and co efficients that define the tabular place and motion of the Moon , accompanied with 
multiples of the Symbolical Variations of the possible additions to these numerical quantities 
Tbs orbital side, formed by combinations of the differentials which ongmdto m the simplest 
steps of algebraical mechanics, represente the force whioh must be provided m order to maintain 
the assumed motion in the assumed orbit (as symbolically corrected) 

The second side (or gravitational side) exhibits the forces which arc provided to maintain the 
orbital motion , it contains the results of the mutual attraction of the Sun, Earth, and Moon 
with othei multiples of the same Symbolical Variations, foi the change of forces which will be 
produced by the change m the value of co-ordinates arising from the possible addition to the 
orbital quantities , and also with any required additions (when intruding forces are considered) 
that are not included in the usual expressions of terrestrial and solar forces 
The assertion (by the symbol of equality -) that the orbital side is equal to the gravitational 

side, or the assertion “Oibital Side -Gravitational Side = o," completes the Fundamental 
Equation 

Xhe factors of the Symbolical Variations will be treated m detail in Sections VH, and v m 

? The fiist expressions of the co ordinates, both of the Moon and of the other attracting 
bodies, and also the expressions for the forces of then! mutual action, are necessarily foamed 

i. 16405 450 — S/85 Wt 15751 TO & b - 9 


I 


\ 


4 


NUMERICAL LUNAR THEORY 


terms of the true co ordinates of tho sovonl bodies, in tho (u st instance, in turn of tin 
rectangular co ordinates cv, y, z , and subsequently, in toi ms of fan iiulius vcofoi, tnu 
tude referred to a givon piano, and tiuo latitudo rcfoncd to the same plant In tins stall , the 
Equations ( 10 ), (u), (xa), aro exhibited at tho ond of Soction I Somt sunpli constant numhtr . 
there entering (applymg to the Sun’s moan distaneo) no tvlccn by uitiup ikon hum i follow mi 
section For the solution of those oquatious, it is nocossaiy to txpuss all by n hit mi to orn 
f undam ental variable Tho vanable adopted by Liplaco was “ tlui Moon’s titu longitude 
But P lana and others, down to Dolaunay, have adoptod "tho tiino” , and tins is followed m tlw 
present work It is nicossaiy, for this puiposo, to omploy Del wmay s i xpitssiom miimiHot 
the time (in voiy long sdties of diffeient ponodic touns with ddluont aigimionk and dilteimt 
co efficients) foi tho radius voctoi, for the longitude, and fin tho latitude, of Sun, Kutli and 
Moon, and to perform upon them tho various operations of multiplication, ildli unliafum ice 
which are indicated in Equations (to), (n), (ia) The mode of conducting tint work is 
explained m Section II , Pait 1 

The results for the oibital sidos of tho Fundamental Equations am exhibited m Si (turn II , 
Part 2 (for Equations (io) and (n)), and m Sockou II , Pai 1 1 (tor Equation (is)) 

The similar conversion of the gravitakonal side is eflocti d in siveial Mtctessivo Si if ton* and 
their Parts Part 1 of Section III contains tho operations foi the luiisfto-luimi fimn m 
Equakon t^io), and Part 2 oontams those for Equation (ta) , both lequitmg a lactm M d» pending 
on the proportion of tho masses of tho Eaith and Moon (It will bo sun m tin coura* of the 
investigation that the terrostro lunar forces contributo nothing to Equation (n)) Pmt 1 ot 
Seckon IY consists of algebraical investigation of tho Solar Foicis, Prut 2 txhibifs tin 
converted forces for Equations (io) and (xi), and Part 1 those fm Equation (i ’) The 
calculations for the Solar Foices in tho piano of tho ecliptic aro veiy long, mil the leps of 
calculakon are therefore exhibited only for the fnst fifteen arguments 
The process which has been usod for the verification of thoso munei ical opet ations, and of 
which one reanlt is a small change of tho assumed value of parallax, is deseiibod m Section V 

All parts of the Three Fundamental Equations aro now expressed by peiiodical touts, 
whose arguments are given in multiples of timo, and whose co efficients au nuim l it al The 
co efficient M only retains the symbolical form 


3 Antecedent mveskgakons (not citod hero in detail) have shown that tonus of t xprcssion 
similar to Delaunay’s, with perpetually-di m i mshi ng co efficients, aio competent to pioduco & 
lunar theory founded on the principle of gravitation, to any assigned degree of at curacy 
Therefore, if Delaunay’s numerical calculations are correct, the substitution of ovory one of his 
terms m each of the three "Equakons,” without alteration of his co-ofhcicnts, will give for each 
of the “ Equations ” the lesult o The examination of tho possibility of safcrvtymg thia 
requirement must he conducted by the following steps 

First, an exact or approximate value of M must he determined, which will produce, m every 
one of the subordinate terms that contain M, the results, "Terms of Equation (io) a o," 
"Terns of Equakon (ia) = o’’ If no satisfactory value of M is found, the valuo that is 
judge most probable must he adopted for use, with the symbol 8M attached, in order to give 
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means of making a small a auation, if necessaiy This investigation, and tlio substitution of 
on assumed value foi M, and the exhibition of the outstanding enois of tlio thioc “ Equations,” 
occupy Section VI 

4 The mipoitint object to which investigations aio now to lie duoetcrl is, the expiession of 
the outstanding discordances foi each of the tlneo "Equations,” m multiples of vuiations of the 
co-efficients of eveiy term in those “ long senos ” to winch allusion Ins been made in Article a 
Foi this expression we must pass tlnough two steps, of which the hist only ts floated m this 
Article The fiist exhibition of Symbolical Variation of the “ Equations ” must consist of 
multiples of the simple symbols foi Vanations, of Ecliptic Parallax (01 iccqnocal Radius-Voctoi), 
of Longitude, and of Noimal to the Ecliptic-Piano The oxptossions foi tbo multi plieis of those 
symbols aie to be formed by a diffoiontiating-piocess peitoimod upon tho algebraic expiessions 
for the “ Equations ” The details of this opciation aro givon fully m Section VII Fiom those, 
the First Factorial Table is formed, exhibiting (by means of thoso multiphois, and by collection 
of results applying to each Oibital Element) tho sonal factors which aro to multiply the Vena- 
tions of the Oibital Elements 

5 The second oi final step foi oxhibrling Symbolical Vanation of the " Equations ” is tho 
following --Tho expressions foi longitude, ocliptic parallax, and ecliptic normal, ot now to be 
introduced in tho form of those long senos oi teims mentioned m Aiticle a, whore each term is^ 
a numencal co-effieient multiplymg an algobraicvl ponodical quantity, tho lengths of period foi 
all the different quantities being diffoient Tho Variations of longitudo, U aio to bo o\piessod 
by Vanations of tboso co efficionts and of tho mgumonts of tlio pcuodical quantities, and aie then 
to ho multiplied by tho Senal Factors mentioned at tho end of Aiticle 4 This complotos the 
detailed exhibition of Symbolical Vanations of tho Fundamental Equations 

6 Every combination of these Symbolical Vanations, multiplymg a teim distmgmshod by anv 
one aigument, is to bo usod entnoly sopai itod from tonus connected with any othoi argument 
and is to be multiplied by a sopai ate indotci minato co-olhcient, to correct tho numtncal out- 
standing value of a separate poition (based on tho samo argument) of each Fundamental 
Equation Thus every variation of subordinate co-officiont or argument furnishes a sopai ate 
portion of one of the Fundamental Equations, and, by moans of thoso, tho value of every 
indeterminate co efficient can he found, and evoiy tabular element can bo corrected The stons 
leading to this will be found m Section IX As tiro process is exceedingly complicated, it may 
be necessary to divide it into parts, for which no general rule can bo pioviously laid down 
Thus, if the discordances scorn to indicate the oxistoneo of gicat errors m individual co efficients 
it may bo best to commence with thorn, othorwiso it may bo best to begin with SM, and with 
the motior^of apse, and with the motion of node (Tho two latter methods aro not employed 

This terminates the oidmary Centripetal Lunar Theory 

cXt ta ‘ tt67 be bMt m 
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7 Considerations on the determination and application of tho numerical value of the Moon’s 
Maas are suggested for examination 

8 The termB produced by the Obkteness of tho Earth arc to ho considered as m the class of 
Intruding Forces in the ‘‘Equations,” and their results may bo obtained by use of tlio Modified 
Factorial Table 

9 The terms which depend on the slow change m the position of tho Solar Ecliptic may ho 

treated in the same manner 
* 

10 The terms which depend on the slow change of Excontncity of th© Solar Orbit may bo 
similarly treated 

11 Terms depending on other external causes, not treated in this work, may in all eases bo 
r efer red to a dis c u ssio n similar to that which terminates in Aiticlo 6 (above) They piosont no 
difficulty m the Lunar Theory, strictly so called , thoir real difficulties consist in tho preparation 
of the first formulae expressing tho first mechanical effect of thoBO external eanses 
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SECTION I. 

ALGEBRAICAL FORM OP THE THEORY. 


FUNDAMENTAL EQUATIONS (10), (II), (12) 
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Section I — Algebraical Form of the Thloey 

It is assumed that the motion foice of one body acting upon anothei, and tho movement of 
the body subjected to such motion-foi.ee, may be resolved into the dnections of thieo i oct ang ulai 
co ordinates, by using as factors the cosmes of the angles made, by the direction of the motion 
1 foice 01 of the moveiftent, with those thiee co ordinates , and that independent equations may 
be formed foi those throe dnections by equating the motion- force m each direction to the second 
differential co efficient (with legard to time) of the ordinate m that direction 

It is also assumed that, in the instance of gravitation, the motion-foice, which the atti action 
of one body produces on each of the material particles of another body, is entirely independent 
of the existence of othei material particles of that body , it being understood, nevertheless, that 
there may be connexions, or attractivo oi repulsive forces, betwoon those matorial pai tides, 
whose actions and reactions on each particle are to be combined with the above mentioned forces 
produced by extraneous action 

Finally, it is assumed, as a law special to gravitation, that each body attracts each othei body 
m the direction of the line joining the two bodies, and with a motion-foico lnvusoly piopor- 
tional to the square of the distance between the bodies, and directly proportional to tho mass of 
the attracting body 

Let <Tj e 3 fi, be the masses of the Sun, Earth, and Moon, estimated by the acceleration which 
they lespectively produce on an extraneous paiticle at distance 1, m time 1 Tho unit of 
distance will be left arbitiary , the unit of time will be mentioned m Section II 

All ordinates are to bo understood as refened to the plane of position of tho ochptio at some 
definite time (as the year 1900), and a line drawn m tho direction of the first point of Aries 
in that year is the origin of longitudes 01 an g les m that ecliptic plane For 1 octangular 
co ordinates x is directed to the first point of Aries in that year , y at right ang les to x, m tho 
plane of the ecliptic of that year, on the side corresponding to “dnect” motion of tho Moon 
from Aiies , and z noimal to that plane, towards the north 

Foi the position of the Sun m the orbit which he appears to describe lound tho centie of 
gravity of the terrestro-lunar system let A be his mean distance from that center of gravity , 
E the excentncity of his orbit, supposed invariable (the effects of a small erroi in this 
supposition will he corrected as suggested in Inti oduction, Article 10), R his distance at any 
moment, This apparent longitude at the same tune, as viewed fiom that centoi of gravity 
W=V+ 180°, the apparent longitude of the center of giavity as viewed from the Sun 
For the present, it is assumed that the Sun appears to move exactly m tho plane of # the ecliptic 
of the year 1900, and therefore has no apparent latitude (the treatment of the effects of a small 
error m this assumption is noticed m Introduction, Article 9) 

For the position of the Moon with respect to the Earth let a be the mean distance of the 
Moon from the Earth , r the distance at any moment , 1 the northerly inclination of that 
distance to the ecliptic plane, 01 the Moon's latitude , 0 cos 1 the projection of r upon the plane 
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of the echptic foi which we shall sometimes wiito p, v the angle made by p with the hue to the 
first point of Aiies, 01 the Moon’s longitude It will be seen that x = p cos v 01 i cos 1 cos v 
y = p sin v or i cos 1 sin v, z =. p tan 1 oi r sin 1 ’ 

Foi the position of the Moon with lespoct to the centci of giavity ol the terrestro-lunai 
system, the same formula will apply, requiring only the substitution of r x — - foi i and 

e + (i. 

^ x 6 + m< * or ^ ^ 01 P 0S1 ^ 10n of the Earth with respect to the centci of giavity, it is necessaiy 

to substitute i x e — ; andp x foi r and p respectively, and also to change the signs of the 
throe resulting terms * 

The foices which affect the relative motions of the Eaith and Moon aio derived fiom throe 
souices (i) The mutual attraction of the Eaith and Moon, which we shall call “ Toirostio- 
Lunar Attraction" (3) The excess of the Sun’s attraction on the Moon above its attiaction on 
the Earth, which we shall call “Solar Attiaction" ( 3 ) Small modifications of those forces 
(of which two have been mentioned above, and a thud, the effect oi Earth’s oblatoncss, is 
noticed in Intioduetion, Aiticle 8) , or small extraneous foieos , m eithei case so small that it 
tvi o unnecessary to consider the squares of then numoiical representatives we shall call 
these “Small Additional Forces ” The first and second of these classes of foice will bo most 
conveniently represented by forces referring to the lolativo motion of the Moon round the Eaath 
as Center, and estimated numerically,— m the direction of p,— in the chi action ttansvorsal to pm 
the echptic plane,— and in a towards tlio north Tho foices of the thud class must be reduced 
to the same form, and may bo called respectively, P, T, and Z wo shall havo no occasion to 

refer to them until wo enter on tho investigations of the subjocts mentioned m the Intioduetion 
Articles 8, 9, io ’ 

In our algebraic investigations of all these foices, we shall eommenco with ecliptic forces m 
the direction of p, echptic forcos transversal to p, and foices noun vl to tho oclrptic, and shall 
convent them into rectangular forces in tho du oetions m, y, * Forming tho mechanical equ itions 
with respect to y, and 0, wo shall deduce from them tho rectangular equations which apply 
to the longitudinal measure of the echptic radius p— to tho double area m tho plane of tho 
echptic, —and to the measure of 0 normal to the ecliptic plane Wo shall then reconvert those 
rectangular equations into equations depending on —force m direction of p,— force m echptic 
plane transversal to p,— force normal to tho ecliptic Call those three foices (of), (if) ( z f\ 
Converting (pf) and (tf) into rectangular forces (ccf), (yf) 

+ (*/) = + (pf) l - (tf) l + (yf) = + (pf) J + (tf) l, 

and the equations of motion m x and y are, 

(l) + 2T = + (Pf) l~m l, (*)+ 2/ = + (?/) 2 + {t f) I 

The equation of motion in z is simply— 

(3) + 2F = ( z f) 
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By a first combination of (i) and (2), 

* *r + vir = + W '-r 1 ’ 

Or + {.£ + (£)’ + » ? ' + ©’} - { ©' + tt)'} “ + 

0 .+i{.s + »i}-{©‘+< ©■}- + <« P , 

Butcc^ + yy* = i is(P*)> 811(1 J7 {“ rft + y *} = ^ rf * J ^ ^ 




And the equation is npw — 

( 4 ) + i y {0 C09 1)?} - {£<» 009 !)} 2 - (* ° 0S J ) * (S' * f M 1 t0S 1 
This is the equation of Ecliptic Radius Vector 


By a second combination of (1) and (2), 

+ * i’-s^ = ±1 r £ «0.»*(»S , -i'i')- + <W 

Or, 

(5) + Jt{{ r cos 1 )* Tt} = + GO 1 cos 1 
This is the equation of Ecliptic Aieas 




In equation (3) we shall merely substitute a valuo foi z 

(6) + § (1 om 1) = + (zf) 

This is the equation of Elevation abovo the Ecliptic 

We have now to give vilues to the diffoiont symbols, (</), (pf ), (c /), for tlio con ospondmg; 
parts of the diffeient origins of force 

First, for Tenestro Lunar A Iti action 

The motion-force which the Eaith excite to draw tho Moon to wauls the Earth is f - m tlu 
direction of the line that joins them , the motion force which the Moon o\c t ts to (haw tho Eat fcU 
towards the Moon is - m the opposite duection of tho same line , and the combined u Tc nowti lal 
and Lunar Attraction,” which tends to diaw tho Moon relatively towards tho Eaith is c ^ * 
which is to have the negative sign, inasmuch as it tends to dimmish q The losolvul pat t of this 
force transversal to p m the ecliptic plane is evidently 0 , that m tho direction pm — cos 1 , 
and that in the direction z is — sm 1 It now desirable to oxpross * + ft (at least in a 

rude appioximation) in terms of the elements specified at tho beginning of this Section, with 
the addition of the periodic times of revolution 

For the unit of time, it will be found extiemoly convenient to adopt "tho Moqp's mean 
periodic time divided by 01 fr dei °^ m0Ilth jf u 00 n moved (relatively) m a circle whoso 
radius is a, the circumfeiential velocity (for unit of time) would bo a, the centripetal forco at 
the circumferential distance (by the formula , (T fa&ua^ ) mu9t “ = ft> and tho centripetal foice 

at distance i must be a 8 And the same value would be found if tho Moon moved, undistiubcd, 
in an elliptic orbit m which the mean distance = a 
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But the Moon’s relative motion is distuibed by the action of the Sun , attiactmg both Eaith 
and Moon, but in different degrees and different directions, accoiding to then position relative to 

the Sun The Sun's force being = 0 f a ttiuct<.a body) and in tho dnoction oi the joining 

line, it is seen (by leference to Section XV , 01 by genoial reasoning), after due estimation of the 
sepaiate actions on the two bodies and taking then difference, that tho moan disturbing force 
tiansrersal to the radius vector is o, and that the moan disturbing foice in the direction of 

ladius is sensibly = + 3 ji at syzygies, and = — at quadratures,, and its moan value may 

he taken as + ^ by which the mutual attraction of Eaith and Moon is diminished 

Hence the centupetal force at the cncumferontiaJ distance, which (as wo liavo found) = a, and 

which must consist of^ - * S£, gives the equation a = - * 2£, or*- + fi = i 

Now considenng the terrestio lunar system as revolving lound the Sun in the timo "yoai,”, 

the measure of which, lefeired to the unit above mentioned is, Year x , - - r fthe 

* biclouul mouth. 

numencal value is 83 9982, or 84 nearly) , tlie cncumfeience is stt x A, the circumfeiontial 
velocity isi x S, ^£L.” onth , and the centripetal force at eircumfei ence must bo A x 

/Sidoical raontli\2 4 +u* « , . 

\ Yuar ) ““ ~aT Substituting 


This must •= + - , or ^ Hence we find -^ = 

/Sideienl month\a 
Ycm ) 


this m the former equation, hhf 1 as 1 + | ( 


= 1 + i ( 


/Sidereal month\2 
Yoai ) > 


and 


€ + (1 . 
a 1 


_ , 1 /Sirtoieal month \ 2 

1 + T l ~ Yo«u ) 

1 + i (l ) 3 


i 1 3^,0i(e + i a)x (£ + 1 J) 
With tho values. ** 1<leicn * mont ^ 

roar 


= a>7A8mo flnrl a — San 8 meflP h 0 P^a llaM 8 gi , ^ . , lt 

3 Moon s h e p%iallax “ 3422 30 ~~ 002 , 6006 , this becomes = I 0037976 

In this computation the effect of introduction of Solar Parallax is numeucally insensible 
It is to ho remarked that the process by which wo havo found the numerical valuo of 
is not severely accuiate, and we must consider that number as liable to correction In adopting 
(foi that value of a which will lead to tho best representation of tho fundamental masses of tho 
arth and Moon), the mean value of 4 , wo havo been guided by tho genoial conception that a 
mean value of f in every part of the mbit will produce the same general effect as to attractions 
periodic times, effect of solm action, &c, as the combination oi all values of 9 And when the* 
irregularity of values is veiy small, there appeals to be no doubt that this will bo sensibly true 
But there is not the same security when the excentricity and other causes of perturbation are as 
great as they are in the teuestro-lunai system It appears possible, foi instance, that wo mav 
more adv^tageously adopt the sjmbol a (to be used frequently hereafter), which represents a 
radius that produces a value of parallax of the Moon equal or nearly equal to the mean value of 
parallax (It will be seen m Section II that a = a x i 0015647 ) The substitutions in our 
equations will decide on this point meantime we remark that it is very dosirablo to obtain a 
fairly correct approximate value as early as possible, in order that the ultimate correction to it 
maybe so small as not to endanger our fundamental pi inciplo, “ that squares and products of 

corrections shall be too small to be recognized m further operations ” Putting M for *-+/,we 
may be assured that the numerical value of M will not differ maternally from 1 

b 2 1- 
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And thus, foi completing the seyeial Equations on page 10 — 


First, for Teirestro Lunar Attiaction, 

The force in (pf) is — cos 1, and the term contributed to Equation (4) is — *-i± cos 2 1 
The force in (if) is o, and nothing is contributed to Equation (5) 

The force m (zf) is — sin 1, and the term contributed to Equation (6) is — am 1 

# 

Second, foi Solai Attraction 

For the details of this, -we must refer to the end of Section IV, Parts a and 3, pages 66 
and 67 It will be remarked, in pages 54 and 53, that the numbers on pages 66 and 67 cthibit 
the difference of the solar effects on the Earth and on the Moon 


Third, for Small Additional Forces 

The teima contnbuted to the Equations will be, 

To Equation (4), + P 1 cos 1 

To Equation (5), + T r cos 1 

To Equation (6), + Z 


^Combining these with the principal terms at the head of page 10, our Equations will take the 
following form — 


+ { s £ ~ i )}*+{6 « i ) ! ©■} - »£{£. «.!)■}■ 


“Equation (10) 


; («* V 


+ teims produced by Solar Attrition, Seotion IV, Column 64 


, r 1 , 

+ “ - cos 1 

a a 


>— o 


Equation (11) 


“*{& 003 V it} 

+ terms produced by Solar Attiaction, Section IV, Column 68 
+ ~ rcosl 


L ' a 


>= o 


Os 


f~*{r 

Equation (12) -j + terms produced by Solar Attraction, Seotion IY, Column 7 a 

l +? 

For effecting a solution of these Equations to a high degree of nr*** a 
»lu* the imtaptaou of ptecetag theonets, a, well as our torn exanumtooM “TtfTl'Z 

lZTZi'ttr h,loC contogM “ co ' recto 

^.h* cm he detencmed mi apphed to the msumed tte 
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Section I — at gebraical .form or the theory 

J h ° adopted here are those gl ven by Delaumy, Expression Numurque, 

attached to the Cowwisscmce des Temps, 1860, Appendix* the numbers bem f all rltorod here 
in the proportion of 34**7-00 to 10000000 (the leading numbers for parallax m the two 
systems of numencal expression) But the adoption of these numbers, foi the present work is 
Theory 8 ^ 1 ^ numeucal convenience, not olludrngin any dcgice to tno specialities of Delaunay’s 

We shall now modify our algebiaical forms or the geometric d relations, *so at to produce more 
symmetrical expressions in reference to the Earth and tire Moon And we shall omit, lor the 

fiitme, the terms P, T, and Z, depending on accidental foices , unless they should bo required for 
special perturbations H 

For the Origin of Co ordinates, we now adopt the Center of Gravity of tho Earth md Moon 
The symbols r and v have the same meaning as before, but ongmate at a point very slightly 
different from the former origin AH details of the results of this change will be found m 
oection 1 v , Part I, page and following investigations 

* Enatum in Delaunay's^ Appendix, page ,1, third line from the bottom For - o" rn6o cos 4 D read 

+ 0 i960 008 4X> Ace Delaunay's Theone, Jome II, pp S 8a and 921 
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FORMATION OF ORBITAL QUANTITIES. 
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Section II —Part 1 — Formation of Orbital QnANimrs 

Tn tih.e Introducti on, it has been explained that veiy appi oximaLc cxpiossionn, with mmioiicil 
eo-e ffiment s and numerical factors of arguments, foi throe elements defining the moon’s oi bit'll 
place, are to be adopted, as subject to very s mall collections (which it is tho object of tins woik. 
to investigate), and tJjat, with these veiy approximate cxpitssions, wo are to foim two sits ol 
q uant ities , one set representing geometrical functions of tho moon’s oibit tl place and motion, 
and the forces regwi/red to maintain them , tho other sot giving values of the Un ccs which piui 
mechanical considerations of the gravitational actions of othor bodies on tho moon indicate is 
really aebmg on hei , the ul timat e solutions resting on the companion of the two sets ol quan- 
tities These geometrical and mechanical parts arc, m fact, tho first end second pints lispoc- 
tavely of the three Equations (10), (n), (12), and in this Section wc piocccd to font) tlu fust 
paits of those three equations, by use of threo adopted oxpiossions foi tho defining dt munis 

In selecting the very approximate expressions oi the thioo domonfn, theio counl l>o no bosita- 
tion m fixing on Delaunay’s expansions foi Faialla\, Longitude , and Latitude , both hi cause 1 
their accuiacy is generally accepted, and because tho foim m which they aio given is admirably 
adapted to extension of the theoiy 01 to coirootion of tho co efficients 

We may lemark heie, as has been said in tho lntioduction, that then is no doubt of the 
competency of our adopted form to ropiosont tho motions founded on the pi nnaiy conceptions of 
gravitational mechanics, provided that proper numoiioal values oiu given to tho co oflicicnlH mil 
factors of arguments In the oidmary methods of ptoocoding, tlio substitution ol large toinm 
produces small terms with different arguments, which lead to donor solutions oi tho e quations , 
these produce still smaller, leading more neatly to oxact solution, and so piococeling to any 
assigned degree of accuracy , and all theso terms aro toims of the foim employed m om investi- 
gations hero Eut the process is liable to accidental and numcncal ortoi wluoli it is our ob|cct 
now to correct For any othei smsll mechanical foicos, the special illccts can bo computed 
without difficulty 

We shall premise a few words on tho values to which all numcncal expansions aro 
refeued 

Such expressions as where both a and 1 aro the values oflinoai measures, aro evidently to 

be referred to the abstract 1 , and it is also convoment to xefer tho angles, consider od in tlio first 
instance as ares in a circle, to the radius of that aide, and therefore to refer “ anglo ” or 

f^e abstract 1 , as unit of angle In fixing on the extent of decimal sub division to which 
the numerical expressions should he earned, it was docidod to adopt the limit o 0000001 or 
IO “ r This secondary unit corresponds, in angle, to one fiftioth of a second nearly Tho valuo 
of this secondary unit being always home in mind, there is no necessity for writing tho cyphois 
preceding the significant figures, as in ordinary decimal computation In some instances, it 
appears necessary to proceed to icr> or 10“°, in these cases the additional rl«««nid« aro 
separated by a comma 
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In the operations which commence at this point, we shall have to effect a gieat numbei of 
multiplications or divisions of decimal expiessions by decimal expiessions, the factors and the 
product or quotient being almost universally included between the place of units and the place 
o seventh decimals For % convement and secure piooess, which would not employ unnecessaiy 
figuies, and would leave no uncertainty on the decimal point, the method of successive divisions, 
foi forming successive additions or subtractions, appeared best There the multiplicand is divided 
y a convenient divisor (usually of one figuio, sometimes of two) to form the first quotient, 
approximating to the quotient sought , that first quotient is divided by a convenient divisor, for 
foimation of a second quotient (additive to or subtractive fiom the fiitt quotient) to pioduco 
a nearer approximation to the product sought the second quotient is"simi]aily divided to form 
a third, and so on Sometimes (instead of a divisor), a multiplier divided by io, ioo, &c, is 
convenient Thus, a factor, by which many terms are to be multiplied, is 545094 A piocess is 
tentatively found, by which 10000000 will be converted into 545094 

1 0000000 


+ 



500000 

+ 


a 

+ 50000 




550000 

““ 

T77 


-5000 




545000 

+ 

ifo 


+ 83, S 

+ 

* 


+ TI 9 




545099 3 

— 

* 


-«»* 


5 45°94 


These multipliers, + tV, + tV. tV> ~t* inr, 4* -f, xV> ones ascei tamed, can be applied to any 
number which is to be multiplied by 545094 If, for instance, wo wish to multiply 99813 bv 
545°94 r Ihe process is the following — 


*Ar 

SBB 

998L2 

4990 6 

tV 

*BS 

499. 1 

■Ar 


5489 1 

-49.9 

A 


5439 . 8 
+ > 8 

+ 

- 

+ 1 



544i 


If we had to peifoim the opposite process, to divide by 545094 (instead of multiplying) the 
immediate operation would have been to convert 545094 into 10000000 (instead of convening 

10000000 into 545094), and the method of obtaining a result would have been exactly 
similai J 
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This method has been employed for the principal part of the multiplications which follow 
In some i^tLces the operaL has been verified by ordinary multiplication, or by “counted 

multiplication,” or (occasionally) by logarithms Moon’s co-ordinates 

We proceed now with the preparation of the new expressions for the Moon co-ordinates, 

including (wheie necessary) the application of the processes for multiplication 

For Equatoreal Parallax, Delaunay’s senes is slightly modified to produce Sine of l 
and it becomes 343a” 7 + terms with othei arguments It is convenient to divide the 
entire series by 34U 7, » that the co-efficient of the first term will be 1 0000000 ^ This is 

done by the process described above, using the multipliers, £ - 7 ~ nr > tp tu> to 

This senes of results for Assumed Parallax, deprived of its first term 1 0000000 is given in 
Column I o< the foUowmg Title, (SecOon II, Part 21 In saeeeedmg opei.tmne, tteee numbs* 
rf Mnmn , me mted by the genual <ymb>l g w.tb the "Eeference fot Atgnment as enhaonpt, 

thus g% = + 54*5 0 95 ’ 9s = 4- 99^*3 * 

The square of g - x) is then formed by multiplying every term of g - i) (Column x just 

found) by every term of the same series The process of multiplication described above or any 
equivalent process, is to be used throughout for multiplication of the numerical “-efficients 
Eoi multiplication of the penodical terms, it is necessary to observejhat every suboidina e 
product here may be represented as p cos frT| x g cos | $ |» Qr P i co^ | n| cos | | opio uc 

of cos |TT| cos IT! IS evidently £ cos |n-4>| + * cos |n + *|, producing arguments whic i arc 
different from those of the two factors (In subsequent combinations, similar considerations 
apply to tbe products of sines by sines, 01 sines by cosines ) All the co efficients of each now- 
argument, by whatever multiplication produced, must bo collected and a c oge 01, wi 
former co-efficients of tbe same argument, if such exifat In somo instances it is necessaiy 
collect moie than ten such co-efficients, pioduced by different multiplications 

The senes foi g - i) 8 , bemg thus formed, is multiplied in the same manner by tho senes 

f 01 g _ to form g — i^8 , by another similar multiplication g — *) ‘ 1S J ' oimed ' and so on 

Then, by application of the binomial theoiem, tho values of g^ or g 1 ) } f° linG 

for different values of l Thus all numbers are prepared as far as Column 8 


For formation of sin jlj and powers of cos | 1 |, tbe first step is to convert Delaunay’s value 
of the Moon’s latitude 1 , expressed in seconds, into terms of the new secondary unit Since 
iooooo" = 04848137, it was necessaiy to find successive factors for converting 100000 
into 4848137 The adopted factors are — £> — rinr> — inr> + complete tians 

formed senes for 1 is contained in Section II , Part 3 , Column 34 , its turns are cited by the 
general symbol k with the “Reference for Argument” as suhsenpt, thus k M1 = + 895037, 
Ic^ = + 48978, &c The senes for 1 being thus obtained, the successive senes foifahe powers 

of 1 are obtained m the same manner as those for tbe powers of g lg and then the senes 
for sin lH and for the powers of cos |Tj are found from the ordinary formulae 1 - 7-7-5 
+ - ^ l - . and 1 - ^ + - a j-- and the P oweis of tte latter The 9enes for am ^ 1S given 
in Column 37, and those for cos | 1 | and {cos | 1 | } a m Columns 11 and 13 
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Foi 5 cos |1 1 , every term of the senes for r - is multiplied by eveiy term of the senes for 
cos |T] , and foi cos |1| j- , every term of ~ cos |1| is multiphed by eveiy teim of the 
same senes, exactly as in the opeiations for ^ — i j 

In Delaunay s expression for the longitude v, the co-efficient of eveiy term is expressed in 
seconds of arc For oui purposes, these co-efficients are convex ted into multiples of oui 
secondary unit, in the same manner as the co-efficients in the expression for latitude, above 
These converted co-efficients are contained in Column 15, and are cited by the symbols h ^ h%, 

'h/fa &ic 

do 

To foim jjp, Section II , Part 2, Column 16, the following considerations are necessaiy If 
one teim of v = p sin |n|, p being a numeral, ^ foi that term will = p cos |n| 

— 2> cos |n| X d Moon a mean Longitude x lon g ltude Now, as has been mentioned in 

Section I, it is convenient to adopt as the unit of time “the Moon's mean penodic tim e divided 
by a* ” (Its value is very neaily of a Julian yeai ) In that unit of time the mean angle 
described by the Moon is = of oncie _ i ^ 1Q clls fc omar y ? we expiess the Moon's 

mean longitude from a certain epoch by the formula nt (a formula which will be occasionally 
usod hereafter), the last equation becomes n x unit of time (or n x 1) = uni t of angle (or 1) 

and thorofoie n = 1 Therefore l_ Moon s m ^ n loDglfade = 1 3 and j t> as regaids the term before 

us, becomes = p cos |nj s longitude But n is, m every instance, expressed by the 

sum of multiples (different for every term represented by n) of the foui angles (each of them 
a simple multiple of t) on -which the lunar inequalities depend, namely, — 

D = Moon’s mean longitude — Sun’s mean longitude = + o 9451987 x t , 

f = Moan argument of Moon’s latitude = + 1 0040419 x 1 , 

l = Moon’s mean anomaly = + o 9915480 x t , 

8 — Sun’s mean anomaly = + o 0748005 x t 

(These numbers -were formed fiom Damoi&eau’s Tables , the Moon’s sidereal mean m otio n 
being used as divisor, instead of the tropical mean motion in those Tables) 

Suppose then u = bD + C f+gl + hS Then y ^miong = b 

+ 0 (1 m I lo n g + 0 rf m m long + h m ta lon g > and therefoie the value of £ foi the teim 
P sm | n | -mil be ^ cos |n| x { 4-6x0 9451987 +cxi 0040419 4-g'xo 9915480 +7i.xo 0748005]- 

The multipliers b, c, q, h , are always integers Tables of the quantity m the large bracket are 
prepared for the different values of b, 0, g, h, as they occur , and the computation is then 
simple 

It does not appear neoessaiy to enter into details on the methods of computing the develop- 
ments which follow these, as the principles of every part are to be found m those computations 
which are already oxplamed In the differentiation of columns to form new columns (as of 

c 2 
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Column 33 to foim Column 3 3 ), °* 7 16bult of «* teim F™ tafled ^ 5° 

trigonometrical differential coefficient of the sino or cosmo of argument multip y the 

differential of the argument, as defined by the piocess just explained 

It mil be remarked that the numbers obtained in Column 3 3 are those loqmicd toi Equation 
io), and those found in Column 39 aie the numbers required for Equation (ta) 

On the physical meaning of these teims, the following notes may be offered 
The formula embodied in Column a 3 exhibits the hist side of Equation (to), 01 p x the actua 
geometrical vaLue of the momentary change of the Moon’s ecliptic path from a geometrical 

tangent, as given by Delaunay's co ordinates , - - 

^Se formula embodied m Column 18 of Secbon II, Part 2, exhibits the hrst side of 
Equation (11), or the actual geometucal value, as given by Delaunay’s coordinates, ol the 
double Momentary Change of Ecliptic Areas described by the Moon 

The formula embodied in Column 39 exhibits the first side oi Equation (n), or tho actual 
geometrical value of the momentary departure of tho Moon’a path horn a piano, as given by 

Delaunay s co ordinates _ 

The numbers produced by these formula represent the Forces which arc required to maintain 

the movement of the Moon in the orbit which is represented by the Assumed Co oidmatos 2 «, 
and I, as developed in Columns 1, 15, and 34 


In respect of Notation, the following aro the pnnciploB adopted — 

Masses are expressed by Greek letters 

Arguments connected with the Sun are expressed by Italic capitals 

Arguments connected purely with the Moon aie expressed by Italic small loiters Tho 
letter 1 is adopted for the Moon’s latitude, hut it nowhere enters into arguments 

In the arguments, no two letters bearing the came pronunciation are used 
In most ins tances, the arguments are inclosed in bars as | | , for deal limitation of the 

-value of the arguments 

In respect of the Order of Terms — 

D ela unay’s terms of parallax are arranged in descending order of magnitude of co-ofhoients 
This order, which then naturally applies to powers of £ u adopted for those terms, and those 
-which nse immediately from them, to the end of the Tables 

Delaunay’s terms of longitude are arranged in the same oidei as those of parallax 
Delaunay’s terms of latitude (whose arguments are, necessarily, different fro** those of 
parallax) are ai ranged in descen ding order of magnitude, and calculations connected with them 
are preserved in this order throughout 

An Index is prepared, to be placed at the end of the work, exhibiting the connexion between 
{ foam orders and an order based upon the simplest arrangement of the subordinate portions of 
fhe arguments 


Section II , Part 1 — formation of orbital quantities 
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In i aspect of the contents of Section II, Paits (2) and (3) — 

The Developments in Pail (2) lolate exclusively to the Equations (to) and (n), •which apply 
to motion parallel to the plane of the ecliptic , and the Developments in Part (3) relate to 
Equation (xa), which applies to motion noimal to the plane of the ecliptic With this diffeience 
of subjects, theie is also a diffeience m the foim of the aiguments, which has led to the distinc- 
tion denoted by the expiossions Oidei A and Oidei B The distingui shin g circumstance is the 
following In Pait (2), Ordei A, many of the aiguments contain even multiples of /, but none 
contains / oi an odd multiple ol / In Part (3), Oidei B, eveiy argument contains/ or an odd 
multiple of J, but no one contains an even multiple of/ * 

In respect of tho numbei of decimals letamod — 

It was intended from the first to make eveiy rosult of calculations accurate, except from 
unavoidable accumulation of errors, to 10 -7 On proceeding with tho computations, it was 
found that, fiom causes which at fust could bo only paitially foioseon, oirois in the primary 
calculations would pioduco much laigei oirors m the lesults To remedy this, the calculations 
of certain toims have been extended to 10~‘’ or I0 -0 This will explain the inequality of decimal 
extension that may bo remarked in some parts of the columns 



NUMERICAL LUNAR THEORY. 


SECTION II. PART 2. 

ORBITAL QUANTITIES PARALLEL TO THE PLANE 

OE THE ECLIPTIC. 


Columns 1 to 23 
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MbMOBAfflWH 


In explanation of the long sheets pp 25 to 39 * tho following account is offered 
The first Columns (Reference, Aigument, Movement of Aigument,) appear sufficiently clcai 
To each expiecsion in the Column headed “ Aigument,” all the numbers m tho tamo horizontal 
line aae mtended to 'apply 

The numbers m thb Columns No i. No 9, No 15, No 44, are all derived £Lom Delaunay’s 
“ Expiession. Numenque,” attached to the Oormmscmce des Tempt, i860, Appondix, pagoi 
11 - 21 , 21 - 29 , 30 - 32 , the numbers being ilteied here m the piopoition 34 44 7000 to 1 0000000 
(the leading numbeis foi paiallax, on the two systems of numoiical oxprossion) These «uo used 
to form the numbeis m Columns 19, 41, 44, whose sum (withpiopei rogaid to signs), m 
Column 43, closes the sheetB of Section II , Part 2, Column 49, m hko rnnnnei, giving the 

conclusion of Section BE , Part 3 It appears that the terms multiplied by ~n, and also thorn. 

depending on the various powers of ^ in the Solai Gravitational Foices, are alroady included by 

Delaunay in the "Expiessions” cited above, and therefore no addition is to bo made fbr Huso 
terms in their simple form But, referring to the mass of tho Moon (yet nndotoi mined) by 
which all these terms are to be modified, these expiossions are to bo multipkod symbolically 
by a co efficient M, 01 1 + S M, diffenng little ftom x Sections HI and IV will bo duoclul 
to their computation, and their results will bo introduced in Section VI 
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NUMERICAL LUNAR THEORY. 


SUCTION n PART 8. 

ORBITAL QUANTITIES NORMAL TO TBE PLANE 

OF THE ECLIPTIC 


Columns 24 to 29 


I 
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NUMERICAL LUNAR THEORY 


TERMS DEVELOPED AND CO EFFICIENTS TO BE USED AS MULTIPLIERS OF THE SINES OF TIIE 




ARGUMENTS IN THE SAME LINE 
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Section IX, Part 3 — orbital quantities normal to the ecliptic 


TERMS DEVELOPED AND CO EFFICIENTS TO BE USED AS MULTIPLIERS OF THE SINES OF THE 

ARGUMENTS IN THE SAME LINE 
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NTJMBBIOAIj lunar theory 


TEEMS DEVELOPED AND CO EFFICIENTS TO BE USED AS MULTIPLIERS OF THE SINES OF l 111 

ABGUMBNTS IN THE SAME LINE 
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Section II , Part 3 — orbital quantities normal to the ecliptic 


IRRMS DEVELOPED AND CO EFFICIENTS TO BE USED AS MULTIPLIERS OF THE SINES OF THE 

ARGUMENTS IN THE SAME LINE 


Argumhnts, 

Movdmimts of Aroumknts, 
and RniTitLNOi a, 
each Tpplying to all the Co efficients 
m the same Horizontal Line 

*4 

1 

25 

(>r 

Reference for 

Argument 

AnOUMBSN P 

Movi MPNT of 
Ahoumfnt 

111 multiple of 
Moon b Mean 
angular Motion 

Assumed 

Co efficient of 

Sme 

Co efficient 

of 

Sme 


4 5i 4 Z>-3/- i 

4 S» 3 D + f 

453 6 D+ f- l 

454 D - J - S 

J55 / — 3 Z— ST 

456 3/- Z- «? 

457 3/- Z+ S 


— o , 3028189 
+ 3 ,7796180 
+ 5 , 5636661 

— o, i536a38 

— 0 , 1950253 

+ 1 9457171 
+ 2 ,0953183 


-8 


29 

i-H 

i 

dP 

gsrnel) 

dt 


Co efficient 
of 

Sme 


Co efficient 
of 
Sme 


Co efficient 
of 
Sme 


Co efficient 
of 
Sme 
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I 

/ 

NUMERICAL LUNAR THEORY. 


SECTION HI. PARTS 1 AND 2. 

TERRESTRO-LUNAR GRAVITATIONAL FORCES. 


Part 1 — Development of — M ■- cos 8 1 = — Column 1 X Column 12, 
FOR INSERTION IN EQUATION (10) COLUMN 30 

Part 2 — ■Develop men t of — M ^-j 2 sm 1 = — Column 8 x Column 27, 
FOB INSERTION IN EQUATION (12) COLUMN 31 


[The wu/meneal value of M is not yet ewgpked ] 
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NUMERICAL LUNAR THEORY 

TERRESTRO-LUNAR FORCE IN EOLEPTIC-RADIUS, APPLICABLE TO 

EQUATION (10) 

SECTION HI, PART 1 


EACH TEEM IS TO MULTIPLY THE COSINE OF THE ARGUMENT IN 
THE SATVTF. LINE ALL AttE YET TO BE MULTIPLIED BY M 
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TERRESTRO-LUNAR FORCE, NORMAL TO ECLIPTIC, APPLICABLE 

TO EQUATION (12) 

SECTION ITT, PART 2 

EACH 1EEM IS TO MULTIPLY THE SINE OP TIIL ARGUMENT IN THE 
SAME LINE ALL ARE YE I TO BE MULIIPLIED BY M 


3i 3r 3t 3i 
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NUMERICAL LUNAR THEORY. 


SECTION IY. PART 1. 

FORMATION OF SOLAR GRAVITATIONAL FORCES. 


ALGEBRAICAL INVESTIGATION 
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numerical lunar theory 


Section IV Past i -Formation op Solas Gbavttationai Fobces At oLnEAK 'Ar 

Investigation 

It is convenient to begin with an investigation of the relative motion-foicos which the 
reciprocal attractions, of the Sun on the one part, and the system of tho Enath and Moon on 
the other part, produce on the lelative movement of the center of giavity of tho Itailh and 
Moon as referred to the Sun 

Use (as hefoie) <r, e, j&, foi the masses of the Sun, Eaith, and Moon, consideicd as piopoitional 
to the moiaon-foice which then attractions produce at distance j , put R, loi the li nglh oi tho 
Earths radms-vectoi lefeired to the Sun, R, foi that of the Moon, R foi that or tho centu. of 
giavity of the Earth and Moon similarly refeired Also put W foi tho longitude of the pio- 
jectnon of R upon an invariable plane (as the ecliptic of 1900) measuied horn an. invaiiablo 
radius m that plane (as that of the first point of Aries m 1900), tho moasui e of tho lino being 
supposed to begin from the Sun, and put V =W± 180 0 for tho longitude of tho Homo 
proj ection, if the measure of the line is supposed to begin from the luno-tcuoskial contoi of 
gravity aB m other parts of the Lunar Theoiy And use r, for the Eaith’s ratlins vcctoi 
referred to the center of giavity of the Earth and Moon, 1 ^ foi tho Moon’s ladius-voctoi from 
the same center of gravity hut in the opposite direction, 1 for the Moons ladius- vcctoi from 
the earth m the same direction as (so that, assuming the attiaotivo miss oi tacli hotly to bo 

proportional to its statical weight, r, = jS!_, r, + e= r), v foi tho longitude of its 

projection upon the mvanahle plane , 1 for its northern latitudo In this hi st mvc stigation, 
however, we shall neglect the latitude, and shall limit tho approximation to tlu second power 

of£ 

Resolving all attractions mto the direction of R (from the cental of gravity ol Ear til and 
Moon towards the Sun), and at right angles to R (acceleiating tho angular movomont m tho 
direction of v), and lemarkmg the properties of the center of gravity , we find for tho motion- 
force produced by the Sun, acting on the center of gravity of the Earth and Moon, 

In the direction of R <r x -f— R ~ u ^ \ 

U + M. (E.) J r « + n (tf,*)’ /» 

In the direction transverse to R, <r x-f— r< m ' v ~ * 1 - — 1 

And we find that the motion-foice produced by the action of the Eaith and Moon upon tho 
Sun, m the same directions, is represented by the same foimuhe with the external multiplier 
- * (e + /*-) instead of <r for each term Subtracting the motion-force on tho Sun from that on 
the center of gravity of Earth and Moon, we find for the relative motion-force on that center of 
gravity, as referred to the Sun, 

In the direction of R Z± ±±J± J , *-»« <x»|t>- W| . „ .H + »y 00s |v - Wli 

• + * to V 

»« sm |o - Tf| in am |o - W|1 

TO P cfe / 


In the direction transverse to R - - i ± £ f _ 

’ « + M. I* 


Section IV Pajrt 1 — formation of solar gravitational torces 

ALGEBRAICAL INVESTIGATION 
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And (il e ) a =: iJ 2 - , 2 t R , ) c cos \v-W\ + (?<)\ and (8^ = 2?+ aiJr* cos |v- F| + (*%) 3 
Performing the vanous operations required for the formulae of the relative motion-force, and 

remarking that e r L — ^ = 0, e ('P*) 2 - L ft (? fxY — ^ \ tho expiessions for the foices become. 

In the direction of U — { i + (7T^ (}<)' (f cos * , 

In the tianBversal direction, - ^ h - ^ (jj) 2 3 sin | -y — W ] cos | « — TV | 

Now, (TT^ &)' = & i ^“ arl y = 7 ^^ neail y The terms multiplied by tins can 

nevoi be sensible m the Lunai Theory, as producing such a change m tho Sun’s lelative place 
as to affect sensibly the disturbances of the Moon , it is probable that they will nevei be sensible 
even m the apparent place of the Sun And we may assume that tho “ center of gravity of the 
Barth and Moon ” moves, and attracts Sun and Planets, as a Planet would do in the same 
place 


Wo may now proceed with the motion-force, produced by the attraction of the Sun, and 
distuibing the movement of tho Moon lelative to tho Earth The lost mvestigation shows that 
the point which is defined in tho fust instance by the Solar Tables is the center of gravity of 
the Earth and Moon, and oui algebraic expansions will bo made with leferonce to that 
consideration 

In tho following rectangular co-oidinatcs, we shall consider cc as parallel to the invariable 
radius above montionod, y as poipendiculaa to a? in the same invariable plane, and z as perpen 
dicular to that piano (Tho position of tho origin of theso co ordinates is unimportant, but it 
must be concoivod as a fixed point ) And a value will bo attributed to z as defining the Bun’^ 
place, 111 oidci to take into account tho change m tho position of the Sun producod by the 
action of oxtemal planets, and exhibiting its effect m a change of tho ecliptic, this value, 

howovoi, boing so small that its squuo may be noglected, and that no factoi smallor than ^ can 

be requnod 

Use X& y<» foi rectangular co ordinates of tbo Sun , 
x i3 y„ » » of tbo Eaafch , 

Xp !/»*,» > » of the Moon, 

0 y g % g> n „ of the conter of giavity of the Earth and Moon 

The Sun’s motion-force on the Moon in the dn ection x is ^ > that m y is (jR^y^ 9 

. 1 . 0 * Cz<r — Zu.) 

that inns ^ - y - 

But x tt - x„ = (x r - x„) - (pSp - x g ) = (pi - x g ) - (Xg. - x.), 

= — Jt cos V — Q COS 1 COS V , 

< T f* 

2/<r — V/t — H cos 1 

rh r sm 1 
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NUMERICAL LUNAR THEORY 


W = far - ^) 2 + (y<r - ^) 2 + (*, - zj 

= ■ R2+a ^^^:■ B ’• 003 1 cos - F| + r 3 + a ^ ? sm 1 (*,-«,) 

055* “ff { J + °rr;z x cos 1 cos l«~ ^1 + (rrn) 2 (s)* 


+ a — — L sm 1 z -t~ Za ^ 

^ * t + \>. R 1 R 


r. 


vlnch will be thus arranged in poweis of U , 


i2» X ^ 


+ 5 TT^ X . (“3 cos 1 cos f? — V |) 

+ (s rn:) 2 X (-2 + ^cos a l 00B a ]v - F|) 

+ (s rhf * (+ T cos 1 co& | v - V | - W cos 8 1 cos 3 |v - F|) 


And, for the Sun s motion-forco on the Moon in x, we must multiply tf>i« tiy 


<r x (— R cos V — 1 — I— cos 1 cos v), or 
’ — cos V 

“5 TTS 003 1 603 v 


<r R x 


In like manner, for the motion foice on the Moon in y, we must multiply the development 
Above by 


f — sin V 

•R x ^ . , 

L R c + m. cos 1 


sm v 


Call these products X and T Then the lunar portion of Ecliptic Radial Foice, as used in 
Section I, is X x (+ cos + F x (+ sm v), and that of Ecliptic Transversal Force is 
Xx (-sm n) + F x (+ cob d) Substituting, we obtain — 


For lunai portion of Ecliptic Radial Force, 
f — cos | v — V | ~| 

<r R x ■< , e n r x development above , 

1-5 rrs 008 1 J 

For lunar portion of Ecliptic Transversal Force, 
<rRx | + sin \ v — V x development above 


Section IV Past 1 — formation of so jar gravitational forces 

ALGEBRAICAL INVESTIGATION 
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Peifoiming the multiplications of the senes, we obtain — 

For lunar portion of Ecliptic Radial Foice, 


J x| 


— cos \v — V\ 

+ (s r?n) x { — cos 1 + 3 cos 1 cos 2 1 V — F 1 1 

+ & rr;:) x { + 1 cos \v^ v I + 3 cos 2 l cos \v—V\ -^008*1 cos 3 1 u — 7| } 
+ «Tll) S x { + 1 c °s 1 — cos i COS 3 \v—V\ cos 3 1 ,, cos 3 |v- F|1 

+ ^ cos 3 1 cos 4 \v — F | j- J 

, + (s rh) x { + 3 an 1 cos |«- t\ 


For lunar portion ot Ecliptic Transversal Foice, 


it a x 1 




+ sm f^; 

-r\ 



+ 

6 

rh) x 

{ - 3 cos 1 

sin | v — V | cos 

F^TT|} 

+ 

(s 

rrs) x 

{ - i sin \v 

- F | + ^cos 2 l 

sin \v — F| 

" ¥ 

a 

rn^x 

{ + -V cos 1 

sin | u — V | cos 

|v — P” | 



_ I s cos 

1 1 sin \v — 

V~\ cos * \v — V | 

} 

+ 

(i 

rh) + 

■[ — 3 sm 1 

8m \ v - r | 


cos 5 


l*-ri} 


For the lunar disturbance Normal to the Echptic piano, we have merely to multiply the same 
development by <r R x ■[ — sin 1 — (z ff — 2 ir )| Thus we have, 


<r 

w> x 


For lunar portion of FoTco Noimal to Echptic, 

'+(£ rh) * 

+ (h rrn) 8 X {+ 3 Sin 1 cos 1 cos \v-V \ } 

+ (s ,-^:) 8 x { + \ sin 1 - ^ sin 1 cos 2 1 cos 2 \v - F| } 


(Zg Zcr) 

Jt 


+ (i rni) X { + 3 cos 1 cos |v - F| 2^} 


Tho terrestrial portions of these forces will he found by substituting — ft for e in the numoiator 
of every fraction Then, for their final values, the terrestrial portions are to he subtracted fiom 
the lunar portions 



8 NUMERICAL LUNAR THEORY 

The coefficients are thus changed 

The fcenofl independent of ^ vanish 
rril M changed to or r 
( r ^) B is changed to £=g- or ^ 

(^J’ is changed*^ 

And thuB , we find — 

, Foi final value of Ecliptic Redial Force, 

~ + (s) x {” eo6l + 3 cosl cos* \v — V \ } 

+ (a) 8 7TS x { + aCos I® - v\ + 3C0b*l C06 \v — V\— ^cos*l cos 8 |t> — V\ } 
W x - + © 8 £+§ X { + ;Cos l-^cos 1 cob* |® — V\ -^cos s l cos* \v-V\ 

+ cos 8 1 cos 4 |v — V\ j- 
. + (s) x { + 3 ™ 1 COS |u- V\ 58 -^ isr } 


For final value of Ecliptic Transversal Force, 
r + (k) x { “ 3 008 1 blD |® — v\ cos \v — V\ } 

+ {if 7t£ x {-I 6 ™ \v-V\ + cob 1 sm | v — V\ cos a |^ 
+ Uil (TTio 1 x { + r 009 1 s** \v-V\ cos \v- F| | 

— ^ cos 8 1 sm I® — F| cos 3 \ v — V\ } J 

+ jj x { — 3 sm 1 bm \v - F| 


For final value of Force Normal to Ecliptic, 

+ (j) x { — sm lj- 

+ (s) a x { + 3 sm 1 cos 1 cos |v - V\ } 

+ (if x { + ]sm l-ysm 1 cos*l cos’jT^V]} 

+ ^x{+3 c °8l cos jv-F| **%" } 


On referring to the Equations ( 10 ), (ii), (is), and other expressions m Section I, it will be 
seen that we are to use the Ecliptic, Radial, and Transversal Forces as multiplied each by 

I j cos 1, but the Force Normal to the Echptic as multiplied only by £ Intro ducing the s e 


Section TV Part 1 — solar forces algebraical investigation 
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multipliers, and slightly altenng the foim of the oxpiessions, A being put foi the Sun’s 
distance from the centei of giavity of the Laith and Moon, we obtain the following — 

Foi 1 - a cos 1 x Ecliptic Radial Foico, 


+ 


ca 

x (i)’ O' X { 

r tr 11 

L T > A 

^3 *(«•©’*{ 

[37 (2) 

c*H M\ e /f \4 1 

(«TrtlJ x U/ W x j 

m 

x ta* ©* x { 


+ 2 cos 1 cos \v — F| + 3 cos 3 1 cos \v — F| 


— cos 3 1 cos 3 1 v — F| 

+ 3 cos i 1 — ^ cos 2 1 cos s Jv — FI, 
_ 11 cos 1 1 cos 2 1 v — F| + ^ cd\ 


} 

*1 cos 4 — F| J 


+ r*i 


Foi - n cos 1 x Echptic Tiansvorsal Foice, 
x (j) 1 (’-) 2 x { — 3 cos 2 1 sm |u — F| cos \v — F| } 


is 


+ [fi 2 rr3 xffi* (;)’ x j^ + 

&&&*& a** {!•“*; 

^ T. 

+ H 


3 cos 1 sm \v — V\ 


cos 3 1 sm |a — F| cos 2 


i»-nj 


+ -- cos 2 1 sm \v — F| cos | v — F| ' 


sm |v — 1^1 cos 3 1 v — F| 
x {liY (s)* x { - 3 sm 1 cos 1 sm \v - F| - J 4r r } 



I 1 "'; 

X 

Foico 

+ U'] 

x G)‘ 

0 

X { 

r<T a 6-^1 

LA 1 A c t- \ti J 

x CD* 

© 

■x{ 

r <r / ay c* + jj. h 
L A' \AJ (chM-)L 

X 

5$ 

Cl 

0 

'*{ 

+[:■] 

x©‘ 

© 

X { 


Foi the piesont, we shall make no uso of tho term ^ 2<r , it will, howevei, be used in a 


future Section 


The firBt btep nocossary foi rendering these formulae apphcable to fiirthea investigations is, to 
ascertain the numerical values of the constant factors ^ *— and 

Let r be tho periodic time of the Moon round the Earth, as disturbed , T the penodic time 
of the centei of giavity round tho Sun Then, by the ordinary foimulse of circular motion, 


. , 4^ xl 3 

IT + « + /* = J S J 


1 
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and in. the application of tins, in the piesent instance, the units of tune and lineai measuie 
must be the same foi the Sun as for the Moon Now, in page 10, the unit of time is assumed 

to be -‘the Moon's periodic time divided by * <’ 01, m the notation above, Therefore, 

T» T J, 2W ’ 

^j = i,and tr + e + fi = ^. 

Also, on the same page, putting M for a numbei at piesent undetermined, but not differmg 
vei y greatly from 1, and using the same unit of time, 

e + p = a? (M + SM) 

Therefoie — 


The second term, which neaily = — - ~ - — m insensible 
Therefoie — 


CT T . / sidereal movement of the Sun in 30 days \ 2 

\ sidereal movement of the Moon in 30 days/ 

Taking the tropical movements for 30 days from Delambre’s and Burg’s Tables respectively 
and correcting them by — 4" 3 for precession, the last equation becomes — 

o- / 106445 7 \2 

A * = 11423 046 6 ) = 0 00 5595»34 

This value, m fact, depends only on the length of the Solar Year And therefore, m each of 
the expressions foi Forces, the first hne is independent of a and A, but the values of the 
succeeding lines depend on &c 

And, assuming the Sun’s Mean Parallax to be 8" 91, and the Moon’s Mean Parallax 34.32" a 

i-ife *«.-»ix*S5-5 

Foi the third factor, ^ e + ^ 8 may be assumed = 1 without sensible error 
Thus, finall} we obtain, — 


First factor = o 005595236 , 
Second factor = o 00001421$, 
Thnd factoi = o 000000038 


The next step is, to give numerical and trigonometucsl values to the terms (j) 8 , 

From Le Vomer’s Armahs, tome IV , page 54, expressing the co-efficients (as in Section H) 
by multiples of the unit io~ 7 , and puttmg R = 1 0001406 x R', ' 

= 1 — 167671 cos \S\- 1406 cos 1 3 $| — 18 cos [J#], 

"Rf -- 

and 1 - j = + 167671 cos [S\ + 1406 cos fTSl + 18 cos JgU], 

from which — 

[ z _ x) 2= + I 40<5 + 34 cos | 7 ?j + 1406 cos |TS| + 34 cos ]JN|, 

( I— u) = + 3 ^ 003 l$| +13 cos 1 3 (Sf| 


Section IY Part 1 — solar forces parallel to the ecliptic- B< 

ALGEBRAICAL INVESTIGATION 

It -will be sufficient to give here the expressions for ^ and i 
The first is — - 

+ IOOOOOOO + (l - f ) + (i - f ) 3 + (l _ |)» 

and the second is — 

+ IOOOOOOO + 3 (i - + 6 (i - + 10 (i - 

Substituting from the formulae just found, ’ 

JF~ + 1 OOOJ 4o6 + 167731 cos \S\ + a8ia cos | 7 S| + J4 cos htf] 

/ 4\3 ” 

U>/ = + *ooo» 4 S« + 5 ° 35 i 7 cos \S\ + 1*654 cos |*fl|+ 318 cos jj£| 

By multiphcations of these series -with each othei and with the various scries foi powers 
of •- m Section H, the ccr.es for (±)‘ x (0 , Sm ace fenced Then, for {%’, the recite meet 
he multiplied by (£)' = o 9,9578 , foi $)', hy ©‘ = 0999437, (%)’. by 

= 0 99929 ^ W 


The third step is the pr ocess foi forming tho complicated terms m brackets depending on 
powers of sm 1 , cos 1 , sm |t,- V \ , and cos \^T\ It will be remembered that the powers 
ol smos and cosines of \v - V\ can sometimes be expressed moio conveniently by Bimnle sines 
and cosmos of the multiples of \v — V\ 

Now v — mean longitude of tho Moon + a sones of toims, 

= mean longitude of the Moon + £, 

(wheie £ is tho senes of terms in Column 15 of Section II) 

V = mean longitude of the Sun + 180° + a senes of terms, 

— mean longitude of the Sun + 180 0 + 0, 

(whore 0 is the Sun’s equation of the center, which, as given by Le Veiner m 
Awnalea, tome IY, p ioa, = 

+ 6918" 310 sm W\ + 7»" 508 sin faTS] + 1" 054 sm CT, 
and in oui notation, 

= + 3354°9 SU1 1^1 + 35*5 sm |*$| +50 sm j 3 J ) 

v — V mean longitude of the Moon — mean longitude of the Sun + 180 0 + (K — ft) 

= D + i8o° + (£-0) 
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And — 


sm |v— W\ = — sin|«~F| = 
cos |<y— W\ = — cos [v—V\ = 


- gm p| cos|£-0| - cos P| sin 

-cos p| cos |£-S| + smp| sm |£-0|, 


srn I a (-U — RT) I = + sm \a(v—V)\ = + sm |aD| cos |2(£— 0)| 4- cos |2D| sm|2(£— 0)|, 

COS 1 2 (l> — IV) | = + COS 1 2 ( V — F)| = + COS | 2 D | COS | 2 (£ fl)| 9111 | ® 1 0111 | 2 (?“ ’$) | » 

— sm 1 3 -D | cos | 3 (?— fij| — cos 1 3 -£> l sm [3(£ — 0)l> 


sm |s(«-F)| = — |3 (v— F)| = 

cos |3(i>— F)| =-— cos 1 3 (v — 101 = 
sm I4 (n— W ) | = + sin 1 4 (v— F) | — 


-cos| 3 D| cos |s(f-fl)| + 13-°! 0 i°l3(?-0)l» 

+ sm] 4 ^| cos 1 4 (£-fl)| + cos pZ)| sm |4(£-fl)|, 
cos I 4 (v — W ) | — 4- cos |4(1>-F)| = 4" cos 14-^1 cos |4(? — $)l 9in |4-®| |4(? $)l 


And, putting (for convenience) X f° r (£ “ $)• 

cosixl = 1 -\x* 

sm \x\ — X ~~$X a + imX B > 

cos M = 1 -2X a +-3X 1 " 4 S X B ’ 

sm \%x) = ax -fx 3 + TiX*’ 

cos|3xl = I — lx 3 + i 7 x‘ - SoX°> 

smf3Xl= 3X ~\lC +%%*> 

cos \Jx\ - 1 ~ 8 X s + jX 4 ~ 4 g X°> 

sm|4y|= 4X ~JX 3 +7£X b 

By substitution of the values of X 01 (?— 0); inferred from Le Yeiner and from Column 1 $, 
in the last formulas , and substitution of the values so found in the piecedmg expressions foi 
sm Iv — F|, &c , and substitution of the last-mentioned terms, and of sm |1|, cos |1|, &c from 
the Tables of Section II , in the multiples of the Three Forces , and applying the functions 

of and with their proper factors , the solar terms for the s< cond side of the equations of 
Section I are formed 


Pra ctically , the expressions have been used m a form equivalent to the following — 


For 1 - cos 1 x Ecliptic Radial Force, 

+ 27976,17 x (s) 8 [if x cos s l x { 4- x + 3 cos |a(«-7)| } 

- 33>3° x (s) 4 g)® x cos»l x {+7 cos \v-V\ + 5 cos |3 (v — TO I } 

4 - 213,10 x (|g ) 4 g)® X cos 1 X { 4 - cos 17 = 7 ] } 

+ 0,12 x (j) 5 g ) 4 x cos 4 l x -[ 4- 9 4- 16 COB 1 2 (11 — F) | 4- 7 C0B U( v -F)| } 

— 0,10 X ( 5 )“ g ) 4 X cos*l X { 4 - 94 - 15 cos 1 2 ('ll — F) I } 


Section IY Part 1 — solar forces pa r allel to the ecliptic 

ALGEBRAICAL INVESTIGATION 
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Foi 1 r - cos 1 x Ecliptic Transversal Force, 

— 839*8,51 x g) 5 g) 2 x cos a l x { + sin |*(«- 7 )l} 

+ 466,50 x x cos’l x { + srn \v-V\ + sin I3 (o-F)| } 

-413,10 x (£)‘ Q’ x cos 1 x { + sin \^V\} 

- °> 8 3 x (^)' (s)* x cos41 x { + % sm 1 2 («- V ) I + sm |4 (v - F) | } 

+ 1,44 x (^) 5 (j) 4 x cos 8 l x {+ sm |4 (w-F)|} , 

* 

* 

F01 5 x Force Noimal to Ecliptic, 

- 5595 a, 34 x (!)‘ (s) x sm 1 x {+ 1 } 

+ 446,40 x (!)* (5)* x cos 1 sm 1 x {+ cos |t> — 7 |} 

- 1,44 X (j) B (;)’ X cos a l sm 1 X {1 + COS |4 (v - F)| } 

+ °>57 x (ji)* (5)’ X sm 1 x { + 1} 

By application of those formula, tho follovnng tables are formed 

The commas here and m the columns of the tablos occupy the same place as m the columns 
of Sections II and m 



I 


I 


I 

\ 

i 


\ 



i» li 

5 
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SECTION IV. PARTS 2 AND 3. 

SOLAR GRAVITATIONAL FORCES. 


Past 2 — Numerical Development op Solar Gravitational Forces in the Plane op 
Ecliptic, for insertion in Equations (10) and (11) , 

From No 1 to No 15, Detailed Result op evert Step , 

For the remaining Nos , Final Results only 

Columns 32 to 68 


Part 3— -Numerical Development op Solar Gravitational Forces Normal to the 
Plane op Eoliptio, for insertion in Equation (12) , 

Detailed Result op evert Step 
Columns 69 to 72 
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Section XY , Pant 2 — conformed solas, force, parallel to the ecliptic, including results only, 

FOR ALL ARGUMENTS 
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Section IV Part 3 —solar force normal to the ecliptic for all arguments 
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Abgumbnt 


301 / 

302 f + l 

303 /- l 

30 4 z X> - / 

305 * & + / - l 

30 6 zD - /- l 

307 al? + / 

308 /+aZ 

3og * D — / + Z 
3io f — zl 
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Fust Term 
Unit =s io-7 


- i3S 

+ 4°8 

- i 85,9 

- 3o 

- 66 

— 10 

6 

5 


7i 

Second and 


3o8 f+zl 

3og x -D — f + Z 
3io f — zl 

3,1 %n- f - 5 

3ia 2D-/-a/ — a 

3x3 + /+ * - , 

314 ai>- / I- £ - , 

3x5 zZ> h /- l- S _ a 

31 6 zD -f f - S ~ , 

3 17 zD — /- l— S — 5 

3x8 4-D- /- J - , 

3x9 / + J + & — 4 

3xo / + 5 — 1x4 j 

3aa /- 1 + S 4. xa 

3a3 D + f + 1 

3a4 /+ 1 + S - 3 




_ Second and m , . 

AsaraaNT ItotTeim (Third) Total f or 

Terms Equation (12 ) 


3*7 -D - / 


- 127 , 8 

+ a 


— 

5oi3 , 27 

- 

i33 


408 I 

- 

18S , 8 

— 

3o 

— 

66 

- 

xo 

“ 

6 

- 

5 

+ 

S>r 

— 

13,9 

- 

2 , 6 

- 

1 

- 

1,2 


2 

— 

1 

- 

5 

- 

1 

- 

4* 

— 

i»4>7 

+ 

12 

- 

18 

- 

3 

+ 

8 

- 

127,8 

+ 

20 


3/- / 
aD-3/ 

*-D + /- 1 + S 
^ a-Z) + f—zl 
zD- f- 1 + s 
zD- f -iS 

■D + /+ l 

JD- /+ l 

D - f- l 

3-D - / 

/-aJ- S 
y — a Z + 5 

J> + / - l 
a D — f +z S 

f -zS 
f +a S 

a D — f~zl+ S 
D + f- 1 + S 
D- f+ 1 + 8 
D- f- 1 + S 

V- f -8 

D+ f - S 
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It may bo instructive hero to examine the relation "which must exist between — tho move- 
ment of a small body in a slightly disturbed circular orbit round a center of attraction— «md the 
forces, radial «nd tangential, which act on that small body We will put E for the mass of tho 

central body or its attractive accelerating-force at distance i, — its force at distanco i , mb the 

771011.71 an gular motion in the time t , t — a { i + 2 A cos pt } , v the angle described round tho 
center = nt + aB sin pt, where p may be any numbei The multiple 2 is introduced only to 
avoid many fractions^ The investigations aie earned only to the first powers of A and B 

Fust Investigation of the forces neoessanly corresponding with the geomotneal assumptions, 

cos v = cos nt — aB am nt sm pt , sm v = un nt + aB cos nt sm pt 
x — r cos v = a {cos mb + (A + B) cos (n + p) t + (A — B) cos (n — p) t}, 
y = r sin v = a {sm «t + (A + B) sin (n + p) t + (A — B) sin (n — p) t} 

Tne forces required to maintain these ordinates ore, 

Force maj = ^ = a{ — r? cos nt — (n + pi* (A+B) cos (n + p)t 

— (n — p)* (A — B) cos (n — p) t\ 

Force my = = a{ —n i sin nt — (n + p)* (A + B) sm (n + p)i 

— (n —pf (A — B) an (n — p) t} 


Force m r = - force in x -t- * x force in y = 

t r u 

a {—v? cos *»f - (» + p) s (A + B) cos 'mb cos {m+p)t 

— (m — p)* (A — B) cos nt cos (n — p) t + aw* Barn ml cos nt sm pt}, 

+ «{—«* sm *nt — (n + p)* (A + B) sm nt sm (n + p) t 

- ( n-p f (A - B) sm mi sm (n — p) t — an* B sm n't cos nt sm pi}, 

= + a {- - (n + p)* (A + B) cos pt - ( n — p) 8 (A — B) cos pi 

= a { — n* — [ (an* + 2p*) A + 4 np B] cos pi} 

From this must be subtracted the ordmaiy gravitational force as estimated from tho 
central body, corresponding to the position of the disturbed body at that moment, or — £> 

or ~ ^ ( x “ 4 -A- cob pi) As the object of our investigation is, to discover the relations of 
the small terms as distinguished horn the large terms, we must suppose the large terms indepen- 
dently to satisfy the equations, or {a x + n*} = §, or E = + a? n», and the quantity to be 
apphedis o{+ n* — 4m * A cos pt} 

This leaves for the real radial perturbational force, 

a x { — (6n* + ap 2 ) A — ±np B} x cos pt 
We shall hereafter call this quantity n* a R cos pt 



Section IV — aigbbraigaii poem op the theory 


68a 


Tangential Foice = ~ x force m y — % x force m x = 

a{ -n 2 sin nt cos nt - (n + pf (A - B) cos nt sm (n 4 p)t 

(n — pf (A B) cos nt (n — p) t + m 2 B sin 2 nt sin pt 
+ a { + ri 2 sin nt cos nt + (n + pf (A 4 B) sm nt cos (n + p) t 

+ (n — pf (A - B) sin nt cos (n -p)t + an 2 B cos *nt sm pt 

= + a{ —(n + pf (A + B) sm pt + (n - pf (A - B) sm pi + %n 2 B sm pt} 
We shall call this quantity n 3 oT sm pi , > 


* 


Second W e have therefore the two equations — 

— ( 6 n 2 + up 2 ) A — 4 np B = n 2 R 
— 4 np A — zp 2 B = n 2 T 

And from these wo find — 


A = r^0*- = T} 


B = 


n - v* 




These expiessions exhibit the numerical values of the perturbations of elliptical elements 
A and B which will be produced by disturbing forces R and T It is particularly to be remarked, 
that both disturbances are very largo whenji is nearly equal ton, that is, when the periodic 
time of either or both disturbances is nearly the same as the periodic elliptic time , and also, that 
the disturbances are very large when p is very small , that is, when the periodic time of the 
disturbances is very long 

Those remarks may bo borne m mind, in estimating the effects of such forces as those in 
page 66 
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SECTION V 

VERIFICATION OF SECTIONS II, in , AND IV 

AND 

MODIFICATION OF THE ASSU MED VALUE OF ? 
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Section V— Vkbutoation or Calculations in Sections n, HI, and IV, and 
Modification or the Assumed Value or 2 

I have carefully verified the complicated calculations of Sections II and III, by moss 
multiplication of the printed numbers, in dnectaons differing generally from those which have 
been used m preparing the numbers, and (m some instances) by recalculation of numbers 
Of the cross multiplications, twelve have applied to principal terms, and three to differential 

00 efficients My examination included all results as far as Argument No 15 And I have 
found excellent agreement between the old and the new results , and I have the most poifcct 
confidence m the accmacy of ill the Columns 1-23 and 24-29 

It is to be remarked that the examination now described does not apply to Section IV But 
that work has been closely examined by an able superintendent , and I have inspected various 
portions of it, and I confide fully in its general accuracy 

The calculations of Section V have been repeated m the original form, with Hbght variation 
of elements, and I have no doubt of their accuracy 

I now advert to a t rifling change of numbers, the necessity foi which has been suggested by 

the examination to which I have alluded 

It will he remarked m Equation (10) of Section I, that every term of tho orbital cvpiewion 
c ontains , as factor, the quantity ^ and the one term which repiesents tho Torrostio Lunar 

Gravitational Force contains the feotor “ Foi the annihilation of terms which is roquued foi 
producing perfect theoretical solution of the Equation, it is necessary that, when both expressions 
have been expanded m multiples of “ constant,” '■ cos |T| ■ “ cos |uX>— 1| &o , tho co-efficients 
attached to each separate argument in the two expressions should destroy each othoi Now m 
a few instances, this destruction is not complete, and the impeifeotion is to bo assigned to' an 
algebraical circumstance 

When the aeries contained m Column 1 had been adopted as expressing “ (tho quantity which 
refers immediately to Delaunay’s theory, and which enters into the gravitational toims, and 
from which (ff is easily found) it was matter of some difficulty to derive from it tho senes for 

a for (s) ( the quantity which enters into the orbital terms) The method selected was 

to express “by 1 + (7-1) {where (? - 1) is a small quantity of the older of exoentncity} 
and (2)* by the finite s«ies 1 + 2 1) + (i _ i) I * * * * * * 8 , and to express { by the inflnrte senos 

1 “ - J ) + (v - i)' - &c , and by 1 - 2 - 1) + 3 (f - i) 8 - 4 (? _ i)» + &0 
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Thii senes was earned to the 5th powei of (-“ - 1), and with this value for Q 2 , the numbeis 

m Section II ate foimod The validity of these expansions was tested by forming the 
quantities — ” 

f x 1, which ought to equal 1 

(7) 2 x (£) 8 , which ought to equal 1 

The fotmer of these conditions is sensibly satisfied, but the latter is not Omitting some 
voiy tnfling discordances (such as will occur m computing decimal quantities by two diffeient 
methods) the product of by gives ■ 

0 999 999*+ 0000036 cosfTf+ 0000034 cos \%D — ]#] 

+ 0000030 COS | %f — l \ + 0000035 COS I4D — l \ 

It appears certain that these teims have arisen fiom insufficient extension of the poweis of 

[a \ r 

\r ~ V 

Equahty may be produced by small changes, in the expression foi or m that foi 
Q 2 ox m both 

Now it is to bo remaaked that the senes foi " is not assumed as a certain and unaltoiable 

senes It is oxpiessly assumed as liable to situation, and the entno pnmaxy object of this 
Theory is to discover what alteration ought to be made 

Wo aie then at liborty to adopt eithoi of the thieo systoins ol change just mentioned An 
inspection of tho computed columns will show that it is fai most convenient that tho value of 

(s) far used should be letained, and that the whole change should bo thrown on the 

expression for (?) This will bo done by applymg, to the last figures of the assumed numbeis m 
Column j tho following corrections — 

+ 4-18 cos |Tf - 17 cos | - x 5 COS - 13 cos I JT ) - T\ , 

and thus, in subsequent calculations, tho following numbers aie to be used instead of those foi 
the samo Nos m Column i — 


No 

K 

f+ 

00000004 foi (: 



1 + 

1 0000004 fo 1 7 

No 

3 

+ 

0545077 

No 

8 

— 

4336 

No 

13 

— 

3084 

No 

T 4 

+ 

i8 33 



The numbeis, thus modified, will be used when necossaiy m the following calculations And 
when, in the ooutse of tho Theory, corrections distinguished by tho symbols fig# S&, &c shall be 
found, these corrections aie to be applied to tho numbois modified as is shown abovo 
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On inratang tie omeotoa. jut found m the Dewtopmento it - M ? . «»• 
-U (;)* on 1 Section IU, it n feud thnt the only nddition Mqmrod to - If. p 

expressed in units of 10“*, is — _ ^ 

- 4 + 18 cos l + 11 cos \%D-l-B\ +15 006 + » 009 \^ D ~ l \ 

and that no teim in the addition lequned to M (*)* sm 1 amounts to oooooot 
Specimens of two of the skeleton foims employed in these calculations axe attached 


1 and 
cos 
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n 
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SECTION VI 

INVESTIGATION AND APPLICATION OP NU MERI CAL 

VALUE OP M, 

AND 

EXHIBITION OP REMAINING DISCORDANCES 
BETWEEN ORBITAL AND GRAVITATIONAL FORCES, 

OB, 

UNCORRECTED NUMERICAL ERRORS OP TIE THREE 
FUNDAMENTAL EQUATIONS. 


Columns 73 to 77 
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Section VI — Investigation and Application op the value op M and Exhibition op 
m eemaininq Discordances , on, unooebeothd Numebioal Vaittes op the three 
Fcndahental Equations 

Tn eveiy case of orbital motion under the action of contaipetal force, theio must bo an equa- 
tion between the mean periodic tune, the mean radius vector 01 the moan pai alia*., and the 
masses of the attracting bodies We have assumed the fust and second of these , and tho thud 
consists m the use of Equation io, combined with or coxroboiated by Equation m , and wo have 

theiefore the means of deter mining the value of ' (which we havo called M), 01 tho masses of 
the attracting bodies 

From our assumed (Delaunay’s) values of tho co efficients of the terms m tho soiios representing 
? v, and sine 1 (Columns i, 15, and 24) wo have (Section 13 , Fart a) formed Column 93, to bo com- 
pared with M x Column 30 + Col umn 64 , and (Section II Fait 3) Column 39, to bo compared with 
M x Column 31 + Column 73 , and not only ought these oquations to hold gonorally, but thoy 
ought to hold specially foi eveiy term with different arguments , and if wo employ oach and 
every one to detemuae the value of M, the soparate resulting values for M ought to bo prac- 
tically m accord The following statement will show the result of this companuon lor some of 
the tercns (It is to he remarked that the numbers in Columns 64 and 73 are considered to bo 
theoretically correct, and numerically accurate) 

For Argument i, — 9960060 = M x - 9939740 + 36830, 

For Argument 3, — 349370 =Ix - 343808 — 3661 
For Argument 301, — 903833 = M x — 893367 — 3013 

The values obtained for M are respectively 1 003736, 1 003031, I 003731 

Many other terms in the senes of - havo been tried, and havo produced results still more 
irregular These irregularities are, in fact, the result of apparent orrors in tho assumed 
values of £ and 1, which will be seen distinctly m tho last Table of this Soction, Columns 
74 and 77 

I may remark that the cbacoi dance for Argument 3 would ho ramovod by multiplying tho 
original 00 efficient in Column 1 by 99977° But the same factoi will not produce accoidanco 
when applied to the co efficients of othei terms 

The discordance of these numbers has given me much anxiety It is ovidont that there in 

serious erroi, m the terms mainly dependont on jj*, either m M Delaunay’s calculations or in my 

own My computations have been made independently three tamos, under cu cumstancos which 
I thought would insure their accuracy 

Viewing the magnitude of the term on which the deductions for Argument 1 aro founded, 
and the general simplicity of the investigations for Arguments 1 and 301 as compared with those 
for Argument 3, 1 have determined to ba&e my value of M entirely on Arguments 1 and 301 
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At the same time, I think it deniable to leave opening foi further change I shall therefoie 
use 

M = i 0027250 + SM 

The tables which follow exhibit the result of application of this element 

No change is made in the Columns 23 and 29 

In the first column of each set of paiallel columns m the following tables, applying to ecliptic 
radial forces, Column 73 of teirestro-lunar gravitational force is foimed by multiplying the 
numbers of Column 30 as fai as No 50 by 1 0027250 (the correction fiom Section V having 
been intioducod) lesoivmg the multiple of SM foi a following column , the solar gravitational 
force is taken fiom Column 64, and the oibital force from Column 33 C olumn 74 is foimed by 

adding with piopei signs Columns 73, 64, and 23, and here the multiplier of 8M is 
introduced 

In the second column of each set of parallel columns, applying to disturhance of ecliptic areas, 
the terrestro lunar force does not enter, and M therefore will not appear For the gravitational 
solar tran&vorsal foice we rofei to Column 68, and for the orbital foice to Column 18 , then- 
sum is shown in Column 75 

Foi the thud set, Column 76 is foimed by multiplying Column 31 by 1 0027250 (in the 
torms following No 350, it is sufficient to uso the numbers of Column 31, without multiplication, 
by I 0027250) , the solar gravitational force is taken fiom Column 72, and the orbital force 
from Column 29, and Column 77 is formed by adding with proper signs Columns 76, 72, and 29, 
and hero SM 19 introduced 

Tho losidual quantities in Columns 74, 75, 77, are the Uncorrected Valuos of the Three Fun 
damontal Equations, which wo must endeavour to correct by changes m the assumed numerical 
valuos of arguments and co efficients in Columns 1, 15, and 24 
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THSTCOKRECTED NXJMLEIOAL VALUES 


loices in Soliptic Hading 


XranBveisal 

roroes 


— - M x Col 3o 

(modified by Section V ) 

t * 


■■23-64—73 

■Numencnl Teim of Equation (io) 


-18-68 
-Numerical 
lerm of 
Bq <ii) 


9986884 ^3 
544^69 
994 ^ 8,7 
*4477 
29852 8 

9459 
JS74 
4208 
3o66 , 7 
2733 , o 

2661 7 

536i 

i 85 7 

i5o6 

1-43,3 

1101 9 
1001 
903 
832 3 
827 

I 91 

617 

£8,4 

2861,2 

302 


5,6 + 8M x 9960 
36o + 5M x o5+3 

1563,4 + 8M x 0099 
911 + JM x 00 8 5 

607 , 3 + 5M x oo3o 

647 + 8H x 0009 

726 + 5M x 0006 

71 + 8M x 0004 

1080 , 2 + x ooo3 
627 4 — 8M x ooo3 

45o,8 — 8M x ooo3 


*7 
ft 7 5 
2774 
235 8 


- 8M x 

+ m x 

+ 8M x 

- m x 


i 633 , 9 — 8M x 0001 
407 — 8M x ooox 

9*4 + M x 0001 

*37 , 7 — 8M x 0001 
55 o + 8M x oooi 

94 ° + 8M x ooox 

a 833 + 8M x 0001 

16 , 7 

33 4 — 8M x ooo 3 
35 a 

200 8 

a 3 i 

20X 

17 a — 8M — ooox 
*47 

23,5 

28,9 

3 i 

3 i 8 

xooi 


+ 192 68 

- 7 * 5,9 

- 5 aj 

+ 345 , 2 

- 385 

- 4*9 

+ 39 1 

- 5 o 6 4 
+ 298 5 

+ 234,9 

- Oil 

+ 141 

- *494 

- 9 » 4 * 

- 783,5 

- 220 

- 55 x 

- 26 35 

- 269 

- 5*4 

z' ,3 t 

+ 3 20 

- 196 

- xo3 , 3 

0,0 

+ 117 

- io,3 

- 138 


35,9 

35 

IOOX 

38 

29,6 

39783,3 


35 5 
4*5 

3 + M x 000 x 

909 
5,i 

6x 5 + 8M x 0040 


+ l 5 i 

- 5 ox 

- x 55 

- 148 
+ 149 

+ 3 

- *4 

- * 4,5 

+ 33 , 18 

~ *,39 

- 3, la 

- 173 

+ 3 

- 841 

+ 3,3 

+ 35,6 
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FORCES PARALL EL TO TUB PLANE Or THH ECLIPTIC 


OF BQUAriONS (10) AND (n) 


Bubal 

Forces 

Transversal 

Forces 

74 

75 

— 23 — 64— 3o 

-18-68 

— Numerical 

— Numerical 

lerm of 

Term of 

*q Cm) 

Lq (II) 


51 + 6i,J 

52 + 24 

53 H 73 

54 + 171 

55 - 38,6 

56 + 1,7 

5 7 + 8 8 

58 + aS 

59 ~ 76.I 

60 - 1 3 1 

61 H 68 
6a - z5 

63 H 92 

64 - X 53 

65 I + »5,6 


66 + 0,4 — 


- 17 

- 40 
+ 126 

+ a, 8a 


" o,5 

+ 1,46 

+ 3i 
+ 38,3 

- 65 


+ 27 

- 7 



— 

16 

— 

4,7 

+ 

*59 

+ 

23,3 

+ 

193 

+ 

9,8 

— 

I 

+ 

23 , 1 

H 

4,5 

— 

23 

— 

z 

+ 

20 , 8 

— 

a 

— 

a,o 


0,4 

+ 

38 

— 

*, 3 

+ 

3,a 

— 

a, ai 


- 11,8 
h l5 

- 9 

^ 1,2 

~ 1 » 7 

+ 9 

h 11 


— 11 

- *,* 

+ 57 

“ »,4 

+ 80 


+ 10,8 

— 1 

+ 0,16 

- o,3 


o,3 



Radiol 

Foroes I 1 oicofl 


-18-68 
— Numerical 
Term of 

Bq ( 11 ) 


— 0,0 

- o, o5 

- 0,9 

- 143 

- 5 7 


3,68 

- o,55 
H 5,o 

- 405 

- 133 


o ,4 + 1,0 

— 1,6 — 0,2 

+ 0,11 + 0,02 

- 100 - 46 

“4* - 19 


+ 94 

- 277 

+ 37 

+ c 9 

h 61 

+ 2,8 
+ 27 

— 20 

+ 0,2 

- 14 

- 358 

- 75 

- 368 

- x,3 

- * , 3 

" *.4 

- 89 

- i5 

- 28 
I ia 


- i55 

“ 91 

33 H 2 

34 + 63 

35 - 5a 


+ 38 

- 75 


- 109 

- 33 

- 7 * 

+ o 3o 
+ o,5 


— z 

— 16 


+ 24 

- 14 

: 1 

+ 14 



Radial Transversal 

Forces Forces 


- 5 

- 36 
+ a 

^ z 1 6 

- 11 


-18-68 
— Numeuoal 
Tei.ni of 
Fq (11) 


= .! 


- 5 

- 38 

- 3 

- 11 


^ ia 
+ la 
o,3 
3 

- i5 

6 

8 

- 1 

+ 0,48 

- la 


- 48 

- 11,0 

+ 1 7 

+ 4,8 

- t,S 


- 2 
I- 5 

- 2 

- 7 

+ 18 

+ 14 

- 14 

- 19 

- a5 

+ 3,2 

+ o , So 

+ 1,4 

1 , a 


Radial Transversal 
Forces 1 orcQb 


■a3— 64— 3o —18-68 
-Numerical — Numerical 
JLeint of Term of 
Rq (10) |Lq (11) 


— o, 15 

+ 4 

+ 0,7 

— 3 

+ 1 

— 2 

4 

+ 6 


+ o, 02 
- 8 


*4* 

242 
*43 

*44 + 


+ 12 

3 

— 2 

8 

+ 2 


+ 

,3i - 


- 6 

- 3 

+ 5 

- ai 

+ 3 
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UNCORRECTED NUMERICAL VALUES 01 EQUA 1 ION (12) 


Forces Normal to Ecliptic 


76 

— - M x Col 3 i 


— 897806 74. 

— 98060 

— 402 

— »36o3 

— 18734 

— 126 

— 14384 

— 9 o 3 i 

*699 

+ 840,3 


982 

591,8 

*553 


4 

5a3 , z 


825 

- 

946 

- 19 

— 

538 

— 

596 

+ 

4*9,3 

+ 

4; 

+ 

5 

4 

5o? 

+ 

522 

— 

x6 

— 

126,7 

— 

XX 

— 

781 

— 

4*4 

— 

461 

4 

368 

— 

3x5 

— 

x66 f 6 

— 

271 

+ 

191 

- 

*35 

— 

*39,3 

— 

78 

— 

327 

— 

I2X 

4 

*79 

— 

*9 

— 

34 

— 

176 

— 

2XX 

+ 

4 

4 

73 

— 

7* 


lo3 


77 

=29—72—76 

« Numerical Term of Equation (12) 

r> H 

»,47 

4 

8M 

X 

0899 

4 

11 

4 

m 

X 

0098 

+ 

5 





+ 

18 

4 

m 

X 

0024 

— 

69 

4 

m 

X 

00x9 

+ 

45 





— 

60 

4 

m 

X 

0014 

h 

25 

4 

m 

X 

0009 

4 

12 

4 

t M 

X 

ooo3 

+ 

xx ,8 

— 

m 

X 

0001 

+ 

x3 

4 

m 

X 

0001 

— 

9,8 

4 

«M 

X 

0001 

— 

64 

4 

m 

X 

000 3 

4 

4*o 

— 

m 

X 

ooox 

— 

4 

4 

8M 

X 

0001 

_ 

5o 

4 


X 

ooox 

— 

X 





+ 

7* 

4 

m 

X 

0001 

— 

38 

4 

8H 

X 

ooox 

— 

*4*7 





4 

4 





— 

*4 





4 

ax 

— 

3M 

X 

ooox 

4 

*7 

— 

aM 

X 

0001 

+ 

7 





— 

7,4 





— 

7 





4 

ax 

4 

m 

X 

ooox 

+ 

87 





— 

*04 






18 





— 

26 





+ 

1 *4 





— 

X 





— 

55 





4 

*7 





4 

ii, 8 





4 

187 





— 

H 





— 

10 





4 

10 





4 

20 





4 

5 





— 

23 





— 

77 





— 

4 





4 

18 





4 

a 






7 






loiccs 
Normal 
to I cliptic 


329-72—76 
-Numuical 
turn of 
Iq (i») 


jSx — 
35-, I 

353 + 

354 - 

355 -i 

356 4 

357 4 

358 + 

359 + 


361 - 

362 + 

363 h 

364 - 

365 - 

366 4 

36 7 - 

368 - 

369 + 


371 “ 

37 * 4 

373 + 

374 - 


376 + 

is : 


38z 4 

38i + 

383 + 

384 - 

385 

386 - 

387 + 


391 - 

392 - 

393 - 

394 + 


> 9 * + 

ss . 

399 - 


I 01 CCS 

Noimnl 
1o * cliptic 


9-72—76 
Numnuul 
1(1111 of 
foq (12) 


Itoiai 
Normal 
to I < liptir 


\ 

x 

t 

x 

h 

1,8 

H 

1 


5 

4 

X 

1 

9 

\ 

9 

— 

1 

h 

* , 3 


X 


0,4 

•— 

X 

* 

33 


9 

•M 

3 

— 

6 

\ 

X 

4 

5 

1 

4 

1 

*4 

i- 

18 


*9 



— 1 

4 19 

4 3a 








Section VI— comparison op obbitax and gravitational values 01 torces 81 

10 comp an son of the Orbital and Gravitational Values is unsatisfactoiy, and appears to 
? that tllc A9sumod TLeoi y C^ch has been used only as a basis foi coirections that aie 
be infoucd fiorn the Theoiy now in hand) is sonsibly mcouect The disagreement as 
logaids the forces Normal to the Ecliptic Plane (the subject of Equition (i 3 ), Column 77) is 
usually small , m one instance only does it exceed the corresponding correct ion to latitude is 

elow i' The disagreement as legards the Trans voi sal Poices m the Plane of the Echptic 
(he subject of Equation (1 1) Column 75) is laige, amounting m one instance to about 30" , and 
this is exceeded by the disagreement as legaids the Echptic Radial Forces (Equation^ io), 
Column 74) where the largest discordance is equivalent to an arc of about* 50" It appears 

piobablo that the principal parts of these appaient faults arise from imperfections m the assumed 
expression for Parallax 

Wo must now prepare for the correction of these by symbolical expressions of the collections 
to Oibital and Gravitational values m teims of symbolical coinctions of the Fundamental 
Elements find tho Oo efficients of Arguments 
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SECTION VII 

SYMBOLICAL VARIATIONS OP 
THE THREE FUNDAMENTAL EQUATIONS 

PRODUCED BY 

SYMBOLICAL VARIATIONS FOR 
ASSUMED VALUES OF », AND I; 

■WITH 

THE FIRST FACTORIAL TABLE. 


0 2 
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Section VH— Symbolical Yabiahonb or the Three FuNDAMrNJAi Equations, rnomuin 
by Symbolical Valuations or the Assumed Eitmlnis 

The numbeis in Columns 74, 75, 77, of the three subdivision'! of Section VI, icpnsrail tin 
amount of appaient failure of each of the Equations (10), (x x), (13) foi ovmy didetcnt allium nfc 
It is to be observed that this failure does not oiiginato in 01101 of physical assumption m m 
failure of the dhaiaCiei of the form assumed for satisfying tho physical assumption It is mtam 
(as has been remarked jn Section II) that, by aibitraiy assumption of those elements winch ait 
truly arbitiaiy (mean distance, alliptiaity, and inclination), and applying simple mmmn' a! 
alterations to the othei co efficients and to the peiiods of fimdamontal aigumonte (pc ugml and 
nodal movements), the equations may bo peifectlv satishod It is out object now to foim tin 
equations which -will lead to the numerical values of those alterations 


It a supposed, for the present, thet the deenmed Nnmonosl Valnre (whul. nro tl lu »o given at 
oy envy aie so vety nearly aocuiato that it will be nnnteoeisiy In ceiiHidei (In, 
Trz 0r , h t“, p0 ’ rera “«*«• wtaok they mny «om to nap.no, mi 

srdl therefore he hooted to the first powei of thoee eoiroefaon, ^ 1 

SMb °L 71 ’ nfl ‘ tl ° E ‘"“ tran " < 10 >' <")■ ('» Soofnn 1 , it 
-VS.*- *“ "“""V , " mibe ”' » <**•"»» 74. 7* 77. »« m ronhty u« „„, B n 10aI 

^ ’•”** ~ «— 

From Equation (;o), Value of Column 74 = 

+ * |-{g «. l)*} - U g « I)} 1 - g 00. 1)' x ($)■ + Jf ; (m 

00a ®° (b) (; °°o l) 00840 Iff g 00s l)* cos | a (e — pj [ 

From Equation (13), Value of Column 73 = 

+ » IS “ 1)’ £} + oo«39 Iff g cos 1)* am |TN=TJ1. 

From Equation (13), Value of Column 77 = 

+ 9 & “® l) + M (?)* sin 1 + 00550 (ff r su j 
With some smallei terms, whose effects arc insensible 

And these arc the fanchons „h«. nmnmcd vslnos sen arc so to modifo that tl. 

nn^^ I ^«cBh M hw MU b,p K d M cdby,n W i to t..n rf? + % , + * l+81 , 'JZ 
ahtatm. ’S nJZTto ^ "•—*«*» Rsta. -b. 

pvoosae ia one of ample differentiation rf E ? u * tl0M (»). (H), (a) The 
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Each, of the fictors, of which wo aie now ti eating, affects every term in the whole assemblage 
constituting each of the expressions foi (io), (n), (ia) respectively Thus we have to foim, 

jg (assemblage of terms m (io)) x Sv , 

^ (assemblage of terms in (i i)) x 8 v , 

(assemblage of terms in (12)) x , 

and similarly foi 87 and SI 

We shall heieafter treat of tlie variation of each individual teim in those assemblages 

*1^ 

We pioceed now with the investigation of the factors in each assemblage of terms 

In the following investigations it will frequently be convenient to put the symbol p foi “ 

The Roman capitals I, II, III in the margin refer to the Equations (io), (u), (13) The 
numeials attached to them relate to the successive sub-terms of each equation The numerals 
at tho head of each differential line ie£er to the lines of the following Table of “ Factors of 
Vanatious as first collected ” The order of operations is, that the symbol p is everywhere to 

be changed to p + Sp, 1 to 1 + el, and to % + 8^ , and the variations of complex terms are 

to be made by tho same rules as foi differentials If there is a sign of diffeiontiation, external 
to a biackct within which vanations are to bo perfoimed, the order of these operations is 
theoiotically ummpoitant, but practically it will be convenient to perform the differentiation 
last of all 

(I) Tho First Teim (foi Equation (io), Ecliptic Radial Foice) consists of six sub-terms 

(I 1 ) Tho fiist sub term is + } gj- {(g) 2 (cos l) a }, ov + ^ ~ {p~ a (cos l) 2 } 

Tho variation of the term under the bracket is — 

— %p~* (cos l) a Sp — a p~ s cos 1 sin 1 81 , 
and from this wo obtain, by double differentiation, 


(1) " (5)' (c° 9 l Y x TP ( 6 fj 

(*) -» s{(s) # ( cos V} x Zt$) 

(3) “ ^ { (5) ( C09 1 ) 2 } * 8? 

(4) cos 1 sm 1 (auxihaiy) 

<<>) - (5)* cos 1 sm 1 X § 81 

(6) — » S { (s) 9 006 1 sm !} X £ S1 

(7) 0081 sml > x 81 


Tho quantities to which the numerals (1), (4), (5) refei aie to be formed by combination of 
some of the developments in the columns of Sections II and III , and their differential 
co-efficients (a), (3), (6), (7) are formed from them by changing “sine" to “ cosine,’’ or 
“cosine” to “ — sme,” and multiplying by the “Movement of Argument” exhibited in the 
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same line which contains the co efficient for the term thus treated The developments of 
cos 1 and am 1 will also be found m those col umns 

(la) The second sub teim of the Fust Term is — Q 9-1 608 1 ) } * Its Venation is, 

-a j (p~ l cos 1 ) x Variation of jjj (p _1 cos 1) 

= ~ 3 S CP -1 cos 1) x 2t {Venation of (p" 1 cos I) ]> 

= — 3 J (p“ r cos 1) x i { — p - ® cos 1 Sp-p- 1 sm 1 81 

Differentiating the quantity m the large bracket, without separating p-» from cos 1 , oi 
p* 1 from sm 1, we have 


(8) j cos 1 (aimluuy) 
(14) + 3 x (9) & (5 cos l] 

1 x 

(xo) fe) 2 cos 1 

x -i (*?) 

( J 5 ) + 3 * ( 9 ) a (5 cos 1) 

1 x 

Cxz) ^{(i) a COB !} 

X 8; 

(16) + 3 x (9) j t (3 cos l] 

1 x 

(13) 5 sm 1 

x ‘B 

(17) + 3 x (9) fife cos l) 

1 X 

( J 3 ) l fe l) 

x 81 

(I 3) The third sub term of the Fust Teim is —p- a cos*l 

fejf)' Its Variation w 

+ ap-* oos*l (g) s Sp + ap-® 

cos 1 un 1 (J) 81 

-ap-“ cos a 1 J 

Or (18) + afe)* cos* 1 g) 2 


x 8“ 


( z 9) + 3 fe)* cos 1 &m 1 

©■ 

x 81 


(*0) -• fe)' «* 2 i s 


x ^8v 



+ M 006*1 8 p — aJf p coal sml SI + p,coB*l 8 Jf 
Or (ai) + 1 00373 cos * 1 x 

(aa) — a 00343 5 cos 1 sm 1 * ji 

(23) + ; 006*1 


x m 
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(I 5 ) The fifth sub-term is — 00280 x ft) cos 1 Its Variation is 

(24) +00560 (a) 1 (0 3 cos ® 1 x 0“ 

(25) + 00560 (^y ft) cos 1 sin 1 x 81 

(I 6 ) The sixth sub-term is — 00839 (b)° ft ) 2 009,1 009 | a (v — TO | Its Variation is 

(26) +01679 ft*) 3 ft)* 008,1 008 h^-V)! ^ * S7 

(27) +01679 ft^) 8 ft) J cos 1 sm 1 cos |a(v — F)| -* x 81 

(28) +01679 ft[) S ft) 8 cos*l sm l2(v-F)| x Bv 

These six sub-terms, (I 1), (I 2), (I 3), (I 4), (I 5)» 0- 6), must be united to form the 
Variation of Equation (10) 

(II ) The Second Term (or that foi Transversal Ecliptic Forces) consists of two sub-teims 

(IT 1) The first sub-term is + J{ft 008 ] ) Tt} 01 + 7t{p~* ( oos ^ 5?} Its 
Variation is 

(29) - a ft) 8 (cos 1)* t x i ft“) 

(3°) - a £ { ft)* (°° 8 1 ) 5 Tt} x ^ 

(31) - a ft)' cos 1 sm 1 ^ x J (31) 

(за) “ ® Tt {ft)* 603 1 sm 1 a*} x 81 

(33) + ft)* (°° 3 1 ) S x W & 

(34) + £ { ft) 3 < 0 °s V} x S v 

(II 2) The second sub-term is +00839 x (|) 3 ft)* (cos l) a sm 1 2 (n — 7) | Its 
Variation is 

(35) - 01679 x (iy ft) 3 (° 08 1)’ a™ |a(t>-V')| x 3 (“) 

(зб) -01679 x (5)* ft) 8 cos 1 sm 1 Bin |2 (v — V)\ x 31 

(37) + 01679 x ft})* ft)® (cos 1)’ cos | a («-7)| x S« 

The developments, whose combmations are requned to form these quantities, will be found 
partly in Section II, partly m Section IV The sub terms (II 1) »nd (II 2) must be united 
to foim the Variation of Equation (n) 
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(III) The Thud Term (for Forces Normal to the Ediptic) consists of throo <,ub-toims 

(HI i ) The fiist sub term ib + (5 ami) The Vaiiatxon of the boim undoi tho 

bracket is 

—p ~ 2 sm 1 8p + p~ l cos 1 $1 
Or — {(j) 8 sm l)- 8p + £ cos 1 81 

Its second differential is 

(38) - (0* sm 1 x ar ( 8 r) 

(39) -aj t {( 5 ) a ““ 1} x s( 8 ?) 

(40) -^{(s ) 8 an 1} x 8 ? 

(41) + 5 cos 1 x 81 

(4») + *2(5 cos !) x s 81 

(43) + & (s c°B !) x SI 

(HI *) The second sub-term is + M y® sm 1 Its Variation is 

+ aJf p sin 1 8p +-V j) 8 cos 1 81 +y® sin 1 8Jlf 

Or (44) + *00545 “ ami X 8 (;) 

(45) + 1 00*73 (r)* 008 1 x SI 

(46) + (?)’ sm 1 x W 

(HI 3 ) The third sab-teim is + 00560 ^)® p - 1 sm 1 Its Variation is 

(47) - 00^0 (§) 8 (j) a sm 1 x 8-; 

(48) + 00560 ^ (0 cos 1 x 81 

The three sub terms (HI 1), (HI *), (IH 3) must be muted to foim tho complete Variation 
of Equation (ia) 

I now proceed to collect all the terms of these Variations m a Table, exhibiting the foim of 
each factor of an elementary Variation, and the process by which its mimonoal development 
has been obtained 

When the algebraic expressions foi the factors could be found m the foimulm at the hoods 
of the columns of Section H and Section IV , the numbers! wore extracted from those columns 
to the 4th decimal Foi other terms, whose expiessions do not find place in Sections II and IV , 
it was found possible to combine formulae of different columns in those Sections, ho oh to 
produce the expression required Attention was given to ensure the accuracy of the constant 
terms (the first column m the table) to the anyth decimal 
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Calculations weie completed tor the following arguments — o, l, zD—l, aD, a l, a D+l, 
aD—8, a D-l-S, 1-8, D, 1+8, if-l, 8, aD-a l, f, f+l, f-l, a D-f, a D+f-l, a D+f 
f—%1 But, for the greater poition of these terms, the numbeis, after assemblage for the 
Factorial Table, became so small that it was evidently useless to letam them m the first 
Table Finally I excluded all whose value does not rise to 005 

The different senal multipliers for the same Yariation were then collected, and the results 
wore anangod in the more convenient foim of the First Factorial Table 
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5 Equation (io) 


5 Equation (n) 


5 Equation (12) 


NUMERICAL LUNAR THEORY 


FACTORS OF VARIATIONS FOR 


BOB EQUATION (io) 


0537 00a l 


— 0069 cos I 2 D — l 


m 


+ 5 (r) * { + * 996059 ~ 0537 cos Z — 0069 cos | 2 U — l | 

+ S X "t ” aI 4 a sin J — o 3 ao sin | 2 X> - l | 

+ X { " 1 005301 + l6a 7 008 * + 0277 00 ^ I a £> - / I 

+ 5 y X ” 0005 Sm ^ ” 002 9 8ln 

+ ^ jy x J — 1 988789 + 0006 cos Z + oo 3 o cos faX> — Z | 

* dt L 

+ x ^ + 995975 + 054.3 cos Z + 0099 cos | a I> - Z | 

{ + S 5 ? [ P ‘ 008 J ) x 8r + a S e°s i) x St. + l g (Pr cos l) x Si} x { + 99S54S 

+ jl « ^ + 090 sin / + 010 sin \f +T| j- 

+ ^Sl x { “ *78 008/ 

cP r 1 _ * 

+ * l -089 mn f 


d 

« + d< 8u 


— 2142 sin Z 

+ 1627 COB Z 


— oqo 5 sin Z 


+ 0006 cos Z 

+ o543 cos Z 


— o 32 o sin | 2 X> - Z | 


+ 0277 cos | 2 V — 


— 0029 sin j 2 x> — Z j 
+ 00 3 o cos | 2 1 ) — Z | 


+ 0099 cos | 2 JD — Z 


<Z 

+ 3B*> 

+ dT 81 


— 178 COS f 


— 089 sm / 


FOR EQUATION (u) 


+ 5 ^ x { I0 74 0111 * — 0157 Bin | 2 JD — Z | 

+ 4 (*r) * {" 1 991900 + jo8o COS Z + 0222 COS | 2 D — Z | 

+ 5 y x — 000236 — ooo 5 cos Z — 0027 cos | 2 D — Z | 

dr 

+ x 1 + 1075 0111 ^ + ox ^* fiul I 2 — Z 1 

d r 

+ ^ + 1 000642 — 1084 cos Z - 0188 cos j 2 JD — Z | 

{ + £ i (TV cos l) x Sr + i ^ (n oos l) x 8» + I £(/, coa l) x 81} x { + 995545 

+ 5 i x { ” I7 * cos ^ ■* 020 co8 iy + z | 

+ x { - 178 m,/ — 010 sm \j~v 1 1 


+ si*" 

d . 
+ dT* u 


— 1074 sin Z 


- 01S7 Bin | 2 I> — Z I 


1 991900 


+ jo8o cos Z 

— ooo 5 cos Z 

+ 1075 sin Z 

— 1084 cos Z 


+ 0222 COS 2 D — 1 


- 0027 cos \% JD — l \ 

+ 0161 sm (TxT=l | 

- 0188 cos j 2 — Z | 


♦d* 81 


— 178 COS / — 020 COB |y + / | 


— 178 ftin j — 010 sill 1/ V 1 I 


FOR EQUATION (12) 


♦*G. 


*(>“) 

*(•?) 


+ 266 sin / + 014 sin [ 7 + Z | 


— 178 cos f 

— 089 sm / 

+ 089 sm /* 


+ x { + °*9 sm + 010 sm |/ + F[ j- 

f 1 dZ 1 dZ 1 dZ I f 1 

\s dr x,,+ « is x + s ■dr x 81 / 5 < 'i +1 000000 / 

+ *1 x -^ + 1 007856 + i6a6 00 1 l + 0274 cos \ t-D — T I 

+ j t 81 x { + 1078 sm Z + 0164 sm J 2 D"— Tj 

£p r 

+ ^51 x 1 “ 999545 — o543 oos Z - 0096 cos | 2 D — Z | 


+ s 81 


+ d? 81 
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Section VII — ratST factorial table 
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NUMERICAL LUNAR THEORY 


SECTION Yin. 

INTRODUCTION OF NEW NOTATION 

AND FORMATION OF 

MODIFIED FACTORIAL TABLE 

WITH STEPS FOR 

DETAILED FINAL EQUATIONS OF 
CORRECTIONS TO ASSUMED CO-EFFICIENTS 


q 
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NUMERICAL LUNAR THEORY 


Section vm iNTBODTronoN op New Notation and formation op Modipitd Factorial 

Table with steps pob Detailed Final Equations op Corrections to Assumi d Oo _ 

EFFICIENTS 


We may now describe the New Notation which it has boen found convenient occasionally to 
employ * 

Every horizontal line m the table of Section II , Fart a, exhibits multipliers of cosine or sino, each 
of a single argument, the successive values of that argument being o, Z, \ 2 2) — Z| , 1 2 ~B | , 1 2 Z| , & c 
We shall refer to these arguments by the geneial letter U, with subscript for each argument, tbo 
same as the “No for Befeiance,” thus for o, l, \iD—l\, jaD|, [aT|, &c, wc shall use IT V II it 
E 9 E 9 Eg, &c And, fox their separate numerical co efficients, m Section II , Fart a, Column No t , 
we shall use the general letter g with the same special subscript , and in Section II Part a, 
Column No 15, we shall use the lettei h with the same special subscript , and similarly for 
Movements of Arguments we shall use the lettei m with the samo special subscript Thus — 

g> cos N 8 = +545°95 608 l > h am E t = + 109757a sm l, m,= +099x5480 

g a cos E a - +99813 cos |aD— Z|, ftg sm iT a = +222336 sm \%D—[\, m,= +08588494 

&C, &C, &C 

A similar system apphes to the table of Section II Part 3 , the symbols K m , K m &c 
being used for/, |/+ If, |f-Z|, \zD-f\, &o, and the symbols fc w „ h m See foi the 

co efficients of their sines , and m wv Sec foi their movements of argument 

Now fop the formation of that term of 8 Equation (10) which doponds on &(;■)» wc must use 

{+a 996059— 0537 cos Z +&c } multiplied by | the sum of all the values which constitute 87]-, 
that is, multiplied by the sum of all the possible values of 8 g cos E That sum we shall express 
by s cos E), in the evaluation of which we are to use all the values cos If ls 8 g l cos //„ &c 

Far that term which depends on we must use { — 2142 sm l See } multipliod by tho 
sum of all the possible values of — sm H m} 


The result ^multiplicatio n by - 0 537 cos Z will be - 0268 x { + (cos l + cos V) go., 
+ (cos Ocos |aZ|)gg+ (cos |aD— ai| + cos faTJjaft +,&c } , andall the succeeding torms’ 

of development of lrne [1] will be generally similar to this 

The fcUowmg hoee[4[3],[j,] mtrcdnce, bead*, aohmge rf ao mn ]tipliet. s 

newesnahlem It ™J1 he remried flat sm O = o, andflm,the tort term to be coaadered 

IS 1 ™™ 

- 2142 sm Z x {— sm Z m, 8 g & -Bm faD-lj m, S^ 8 — , &so } 
or+ 107. x {(+ I -cm >9 m, S& + (eos M-,!| -oot W +,&,} 
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These terms present no difficulty (though sufficiently laborious) By means of propeily 
arranged skeleton forms, they are computed with very little risk of maccuiacy 

It is, however, very important to remark that the co efficients rj, h, k, do not entei into these 
foimulde And thus, the variation of the smallest or most distant co-efficient m Column i, 15 , 
01 24, may leceivo a multiplier as large as those received by the vanations of the early 
co efficients 
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NUMERICAL LUNAR THEORY 


NO 

TEEMS OB TEE FACTORIAL TABLE FOB i EQUATION C*o) 

[i] 

{ 

+ 

Z 996059 


0337 009 l 

— 0069 lob 1 a D — 2 1 


0340 

COB | 2 D | 


m 

i 



- 

-14a son l 

— oj2o am | a JO — 2 | 

- 

o 53 o 

sin | 2 D | 


[ 3 ] 

{ 

- 

1 oo 53 ox 

+ 

1627 008 l 

+ 0*77 | a D - 2 | 

+ 

0213 

cos | TV | 

} 

M 

{ 



- 

oooS Bin l 

- 0029 am | %D — 2 | 

+ 

0168 

sm \zD \ 

} 

[ 5 ] 

{ 

- 

x 988789* 

+ 

0006 COB l 

+ oo 3 o cos | a D — 2 j 

- 

0090 

00s \ zJ}\ 

} 

[6] 

{ 

+ 

99S97S * 

+ 

0543 OOB l 

+ 0099 oob | a JO — 2 1 

+ 

008a 

00s \zl)\ 

} 

W 

{ 

+ 

99SS4S 

- 

0543 00*3 l 

— 0096 oob 1 a B — Z | 

- 

0075 

00s | a i> f 

} 

C«] 

{ 



+ 

090 sm f 

+ oxo sm 1/ - 2 1 





[ 9 ] 

{ 



- 

178 00a f 






[10] 

{ 



— 

089 am f 


+ 

oxo 

™ 1/-11 

} 


TERMS OF THE FACTORIAL TABLE FOR # EQUATION (11) 

C **3 

{ 



- 

1074 Bin l 

— 0157 Bin j ai> - 2 1 

— 

0*79 

sm | %lf\ 

> 

[»] 

{ 

- 

1 991900 

+ 

Z088 OOB l 

+ oaa« cos | a -D - 2 1 

+ 

0060 

cos [ 2 lT | 

} 

[x 3 ] 

{ 

- 

oooa 36 

+ 

ooo 5 OOB l 

+ 0027 oob | a D — 2 1 

+ 

0x68 

cos \zJ}\ 

} 

[*43 

{ 



+ 

107 5 sin l 

+ ox6x am | a I) — / 1 

+ 

o*68 

am |T2Tj 


[**3 

{ 

+ 

j 00064* 

- 

J084 OOB Z 

- 0188 oob | a - 1 1 

- 

0x45 

00s | zD | 


[x6] 

{ 

+ 

99*345 

- 

0543 OOB 2 

- 0096 00s | a X) — 2 1 

+ 

0075 

COB | %JT\ 

} 

C* 7 ] 

{ 




178 OOB / 

- oao cos |y + 2 1 





1*8] 

{ 



— 

178 sm / 

- 010 am |y + 2] 

+ 

oxo 

sin 1 y-i| 



TERMS OF THE FACTORIAL TABLE FOR 8 EQUATION (11) 

[*93 

{ 



+ 

266 sin / 

+ 014 bin |/ - 2 1 

- 

006 

sm ( 7=71 


[*>3 

{ 



- 

178 OOB / 






[«3 

{ 



- 

089 Bin f 


b 

oxo 

sm 1/ - i | 


[»3 

{ 



+ 

089 am f 

+ 010 sm | f — 2 1 





[U] 

{ 


1 000000 








[*43 

{ 

+ 

X 007856 

+ 

1626 oob 2 

+ 0274 oob | 2 D — 2 j 

+ 

0427 

go* |TxT] 


[* 5 ] 

{ 



+ 

1078 sm 2 

+ 0164 am | a 1 ) — 1 \ 

+ 

0278 

sm [ 2 JD | 

} 

[i «3 

{ 

f 

999545 

— 

0543 OOB 2 

— 0096 ooa | a D — 2 1 

— 

0075 

oob |T2Tf 

} 


* 
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Section YlU — modified 

FACTORIAL 

TABLE 


SYMBOLICAL VARIATIONS OF ASSUMED CO EFFICIENTS 

NO 

+ 

oo 5 

COH | 2 l | + 008 COB | 2 f \ }■ 

X 

2 { + cos H og ] 

CO 



+ 008 Bin | 2 / f } 

X 

2 { -sin II m 8 g } 

CO 




X 

2 { — cos II m 8 q\ 

CO 




X 

2 { + sm II 5/i } 

CO 




X 

2 { + cob H m S/t } 

CO 




X 

+ 5M 

CO 





* 






+ JPt cos 1 

[7] 




X 

2 { + sm K 8 k ] 

m 




X 

2 { + cos K m! 8 k} 

CO 




X 

2 { —sin K m n BA} 

C*o] 

SYMBOLICAL VARIATIONS 01 ASSUMED 00 EFEICIENTS 





X 

2 {+cofa H 8 g } 

[»] 




X 

2 { — sm U vi 8 g } 

C»3 




X 

2 {+sin H 8 h } 

Ci3] 



— 008 sin | zf I } 

X 

2 { + cos H m BA } 

C*4] 



+ 004 COB | Z/ | } 

X 

2 {— sm II m 8k } 

[IS] 





4 It cob 1 

[x6j 

— 

007 

cos \zD -/| } 

X 

2 { + sin K 8A { 

[ 17 ] 

- 

006 

sm | * D - f l } 

X 

2 {+cos K m l 8A} 

Ci8] 

SYMBOLICAL VARIAIIONS OE ASSUMFD 00 EFFICIENTS 


+ 

009 

sm \%D-/\ + 003 sm \zD+f- 

T| } X 

2 { + cob II 8g } 

[193 


006 

COB \zD —/I } 

X 

2 { -sm H ro 

C®°3 




X 

2 {—cos H m a 8^} 

[«] 




X 

+ 8M 

D»3 





+ Z 

C*3] 

+ 

on 

00a I il 1 + 00 S OOS 1 - S 1 1 X 

2 { + sm K 84 } 

C®+3 



— 006 COB | ZJ | 

J 






X 

2 {+cosK vi f BA} 

00 




X 

2 {—sin K m' 8A} 

00 
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NUMERICAL LUNAR THEORY 


We have now to conveit thebe formula into others, which hear dnoctly upon tho oxpicssion 
of the variations of 8 Equations (io), (u), via), by means of the individual variations 8<y w Sr/., 
S<7„ &c, Mu IK IK &e, S*„ Mh IK &o , and of the general variation SM, with factois 
no more than simple tones and cosines of arguments which wo havo yet to select 

It will be lemarked that all the biackets on the right hand contain terms multiplying Sr/, Mi, M 
Giving our attention to hue [i], and bearing m mind the import of tho sign it will lie seen 
that the lesult of multiplication by + a 996059 will be— 

+a 996059 x {cos o Sff lt + cos Z 8p g + cos | %D— 1 [ Sp $ + &c } 
a simple senes I^mll be remembered that cos o = i 

The actual multiplications, by which the great produots of tho Modified Factoiial Tablo art 
effected, are placed in the collection of papeib of the Numerical Lunar Theoiy uudoi tho title 
“ Product Sheets,” hy which we shall, if necessary furthei refer to them F01 ooch of the 
three Equations, one sheet contains all the multiplioations corresponding to a single value of U 
and a single value of K m the " Symbolical Variations of Assumod Oo t ihcients ” of tilt 
Modified Factorial Table As it is proposed to suspend this part of the woik altoi tlio 100th 
term, there are 100 sheets for Equation (10), 100 for Equation (u), and too foi Equation (ia) 
One sheet of Equation (10), contains 19 multiplications of tho quantities shown in tlio “ Linos ” 
of the Factorial Table, one sheet of Equation (11), contains 33 such multiplications, and ono 
of Equation (ia), contains 18 The marginal refeience indicating the produot of tho co-oflioicnta 
is distinguished hy the word pbodtjct in small capitals , and we shall use this m the same 
sense thiough the following pages A Specimen of one of each of theso sheets is subjoined 


oo rf- 
oo 
■tv. on 

CO 

4 * + 


On vo 

in on 
OO on 

►H 

H — h 


— : f*-o 

Q + 
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NUMERICAL LUNAR THEORY 


SECTION IX 

DETAILED FINAL EQUATIONS, 

FOR THE TOST CENTENARY OP ARGUMENTS IN EACH SERIES 


Part 1 — Detailed Equations derived prom Equation (10) 
Part 2 —Det ailed Equations derived prom Equation (11) 
Part 3 —Detailed Equations dbhived prom Equation (12) 


t 



V 
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NUMERICAL LUNAR THEORY 


Section IX — Detailed Final Equations fob the must Centenary of Arguments in 

each Series 


Tho pioduGt-sheots having been completed as is described m Section VuLl , the following step 
was taken J! 

Thciosults ol thopiodnct sheets weie diligently sesibhed thiough, attention was given to the 
first sine oi cosine , and for that ame, &c all the “ New Co efficients’ m the pioduct sheets were 
collected , then tho operation was repeated foi the second ame, &c foinnng & separate collection , 
and this com sc was continuod to the end Then for each sme, Ac the subordinate co-efficients 
woio examined, the co-efficients of similar quantities were added together, and all these 
subordinate co-efficients (each consisting of a factoi multiplying a vaiiation symbol with subscript 
attached, taken from tho Modified Factorial Table) weie collected Then the subordinate 
oo-efflenents were placed m the oidei of their subscript numbers, to foim, for each sine, &c a 
gland sand co-efficient Each serial co efficient was added to the number (which is unattached 
to any algebraical symbol) derived from summing the corresponding “New Numbers of the 
product-shoe^ and the sum was made = o And thus each linear equation of Section IX as fir 
as No 100 in each Fundamental Equation was formed 

Tho discussion of the results hero obtained is deferred to Section X 
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NUMERICAL LUNAR THEORY 


DETAILED PINAL EQUATIONS, DEDUCED PROM EQUATION (10) , 


it 

1 

Arguments 

(for Cosines) ' 

Numerical 
Terms of 
Equation ( 10 ), 
Column 74 

I 

0 or 

n £ 


5 6 

a 


l 


t 368 

3 

a B 

- 1 


- k i r 563 4 

4 

a D 



- Vi 

5 


z l 


+ 607 3 

6 

a B 

4 l 


- 647 

7 

a B 

— 

5 

— 7 a 6 

8 

a B 

- 2 - 

S 

4 71 

a 


l - 

S 

— 1080 a 

y 

10 

D 



+ 627 4 

11 


l + 

s 

+ 450 8 

za 


zf - l 


- 17 

i3 


3 l 


+ *75 

14 

15 

4 JO 

- 1 

s 

- *774 

- z35 8 

16 

a D 

- 1 + 

s 

- i633 9 

17 

zB 

+ 

5 

- 407 

18 

4 B 

— 2 l 


- 9*4 

I 9 

a B 

- %l 


+ a37 7 

ao 

a B 

+ zl 


- 55o 

ai 

a B 

+ l - 

5 

- 940 

aa 




- z83 3 

a3 

B 

+ 

S 

— 16 7 

a4 

- */ 


- 33 4 

a5 


zl - 

s 

- 35a 

a 6 

a B 

- 3 l 


+ aoo 8 

VJ 

B 

+ l 


+ z3i 

a8 


zl - 

s 

+ aoi 

a 9 

\ zB - zf - l 


+ 17 a 

3o 

a D 

— 

a S 

- *47 

3i 

aD ■ 

-> z f + 1 


- z3 5 

3a 

a B 

- 1 - 

zS 

— a 8 9 

33 


4* 


+ 3i 

34 

zB 

+ l + 

S 

^ 3 1 8 

35 

4 D 

- 1 - 

S 

— 1001 

36 

SB 

- 1 


4 a 8 i 

37 

4 JU 

+ l 


- 1459 

38 

a B 

+ 3* 


- 434 

39 

*B 

— a 2 — 

S 

- a 4 3 

40 

3 B 



4 35i 

4 1 

zB 

+ a/ - a Z 


+ 4 

4 a 

B 

+ l + 

S 

- 66 

43 


2 - 

zS 

- S 4 3 

44 

zB 

— 1 + 

a S 

4 65 8 

45 

zB 

— a 2 - 

S 

4 610 

46 



zS 

- 35 5 

47 

zB 

+ a 2 — 

S 

- 4a5 

48 

zB 

+ a/ - 2 


4 3 

49 

4 I> 

— 

s 

1 - 909 

5o 


2 + 

a S 

'4 5 1 


PRODUCTS EXTRACTED FROM 


3 99 tg 
o o 5 Sg 
o 1 8 80, 
o aa Sg 


o Si fyj - 
6 17 Sq ? - 
o io Sg 7 4 
3 85 fy, - 
3 86 5^0 — 


o oa 
3 74 
6 44 Sg { 
6 95 8^5 

o 09 8^6 
o 16 Sg a 
3 6a 80g 
o oa 80 16 
o ia 80 7 


— o 14 S0 6 
-on 804 

— o 39 80 fl 

— o 06 Sg c 

411 ia 80 fl 

— o oa 80 b 

— o oa 87 l — 

— o oa 80 10 — 


oa 80 fl 
oa Sg u - 
07 S0 M - 
43 fyia “ 

8a 80 O 
35 80 ! 


O oa 80 1O 

o o 5 80 

o 06 Sg o — o 04 80 g 

o 13 Sg - o la 80 a7 

o 06 80j5 — o o 5 80 lo 


o i 3 80 s 
o oa Sg 6 


+ 4 14 tg u - o 04 Sg lt - o oa ty l7 - o 16 tq , - o oa Sft, 

+ 4 04 80! - o oa 804! - o oa 80 i0 - o 15 O0 6l 

- o 56 80 G + n 89 80 U - ° - 0 oS 

— o 04 80 } — o 08 80i + 10 38 80 w “* 0 45 8018 

+ 3 00 80 lfi 


o 88 80,, - o la 

o 75 80 w 


- 0 09 80 5 , 


4 3 88 80i B - o ia 80^ 

— o 04 80ii - o ao B0 lfl 

— 0 34 80 14 + 5 97 80m 

— 0 o 3 Sg2 4 3 oa 80m 

— o io 80 - o 99 80 c 

— o 48 80 7 — o 04 80j 

— 0 io 804 - o 16 80o 

4 4 00 80 j - o 14 804 

4 3 oa 87 t — o oa Sg „ 

— o ao 80) — o 07 80 1 


- 0 07 8064 - o 06 8080 


- o oa Sg 6i — o oa 80 al 
+ 6 7a S0j 7 - O 41 30 M 

- o i 5 80 flf 

- o aa 80!, +17 76 tyo - 0 23 ® 0 tf “ 1 4 X ® 0 as 

+ 10 69 80 ! - o 08 80 - 0 78 80 17 - o ia 50 10 

- o 9a 5014 + l6 7 6 5 0a - 1 32 S 9V 

- o oa 8073 — o oa 50 m 

4 6 66 80 5 - o 06 50 W - 0 41 8000 - o 04 87^, 


So 80o 
83 804 ,, 
7 X tyio 


- o o 3 30b - o oa 50!, - o 04 80m I* 4 *7 *0 r 1 

- o ao 80io + 6 69 8037 - o 06 80 1O - o 04 50 ro 

- 0 x 3 8011 4 7 a 6 80 q - o 07 80 M - o oa 50 ir 

- 0 o 5 80 4 + 4 33 8030 - o o 3 80 5 i - o 17 Jfr 

+ 5 91 80 w — o i 5 50 fl — o oa 80 4 , — o 33 o0 fll 

4 3 70 8031 - o 10 806 

- o 09 80, o 4 3 5 x 80, s 

- 1 07 8013 4 18 81 80j, - o a 5 80 W - 0 ia 50 6 , - 

- 00S 80u - o 54 80i, - o 09 80 q +n 55 80j4 - 

- o 07 807 — o 04 80„ + 9 97 80 a — o 43 O0 W — 

- o oa 80m 4 6 ao Sg ^ - 0 36 Sg w - o 16 80 fl 

- o 18 80 fl - o a 7 80 O - 1 55 Sg 93 +a 5 ia Sg « 

- o 18 8013 - 1 64 50 0 - o a8 80 81 +a6 40 50qq 

- o oa 50 a — o 3 a 87,5 + 5 71 8739 

- o 04 8010 - o 08 80 7 - 0 48 80JO + 10 74 ^40 “ 0 79 *07 

- o o 3 80 ia 4 6 53 80 u - o 39 Sg ia 

- o aa 80 3 + 6 99 80i - o 44 80 M - o 06 tygi 

+ 3 71 8043 — o oa 8004 — o 10 80 M 

4 4 oa 80H - o *5 80a 

+ 3 04 5046 - o 02 *071 

4 3 oa 8046 “ 0 02 ® 0 ro * 

- o 95 80! - o 10 80 6 +17 804 7 - o 17 8060 

- o oS 80i - o 5 a 80 n 4 11 a6 Sq ^ - o 09 80 61 

- o 09 807 — o 1 5 80gi — o 88 8036 +16 ai 80 48 

- O 05 8046 + 4 31 * 0 w - 0 *7 * 09 i " 0 ° 3 ® 0 w 


o 16 Sg n 

o 41 80 fl , - o 07 80 7 
O 46 806! — O 04 807, ~ o 07 80 W 
o oa 80 O , 
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Section TY , Part 1 — detailed total equations 


EACH LINE SEPARATELY 


THE PRODUCT SHEETS 


— i 71 5ft a 

- 3 68 8ft, 

— 3 94 8A5 

- 5 65 8 h c 

- 3 53 Shi 

— 1 56 8fty 

- 1 83 Bftj 

- 1 83 3/^0 

- 2 la 8ft u 

— a oa 8/4 

- 5 9a 8/^3 

— 5 3 9 8ft, 4 

— o i 5 J/h 5 

— I 86 

- 3 83 5ft 17 

— 3 4a 8A ls 
4 0 a6 8 h l} 


H o oa 5ft 6 


+ o 02 !Aj — 7 6a Bft^ 


+ 0 oa ff/14 — 7 36 3Aa 


— 5 So 5 ft , 

5 ft 4 

— j 99 8ft , 

4 0 3 i 8 ft 4 

— 3 80 SAja 

4 a 24 5 ft fl 

— 3 8 i 3 /hflr 

— 4 09 8ft 8 
+ a 19 3/^9 

— 3 38 3 Ajo 

— 1 66 Bft^ 

— 1 41 3 /hj 

— 7 89 5Aj3 + 

— 5 80 3Aj4 

— 5 24 8A B ^ 

— 3 55 8 h ^ 

— o oa 5 ft 8 

— o oa 5 ft 18 

— 3 a7 8Agg 

— 5 5 a 3A40 

— 3 73 8ft tl 

— 3 96 8/^ 

— 1 68 5 ft,, 

— a 00 8A44 

+ o 41 8A 4 


— o 3 o 8A 46 

— o oa 8A 5 — 7 48 8A 47 

— 5 70 8A43 

— o oa 8 hj — 7 ia 5A49 

— a *7 8 Ajo 


oa 8A K 


9 33 8h%j 
9 60 8% 




o 16 8/joy 4*u oa 8A.J0, 
o 18 8ft j j 10 - o oa 5ft jH 


+ o oS 8/^0* + o oS 5 ft, 0 , 

4 o 04 8 h m — o 04 8 k w 

— o 16 SAjoi - o oa 8&J05 H 

— 00a 8A^o 4 o 18 8 Ajq^ + 

— o 04 8 ft w — o 36 S&3QJ + o 37 » m + 0 

— o iS B/tju - o oa 8Aj! 4 014 5 ft, 1P 4 o oa 3 / 3M « 

4 o o 3 5 ft, l6 “ 0 °3 8/ Jl7 

4 o 04 8% B H o 04 8ft, 

4 o o 5 8ft , , — o 04 5 ft , t 

4 o 06 8ftj j 4 o 06 8 k m 

— o o 5 Bftjoj 4 o o 5 8ft yi 

— o 04 3/5^ 4 o 40 8ft, 8 4 o 40 3 ft™ 

— o 33 5 ft J18 4 o 04 8ft, , h o 33 Bftjao — o 04 5 ft,, 


4 o o5 Bft^ — o 04 8ft, j 

— o 17 «*s 14 - o oa 8*^5 4 O 17 5 ft^ u 4 o oa Sft^ 

4 O 14 Bftja -• O 13 BAggg 

— o 07 5 ft 813 , — o 66 3 ftg^ 4 0 66 8/5^ 4 0 07 8ft,, s 

— o 04 3 ftja fl - o 35 8ft, w 4 o 34 8 k m 4 0 04 Bftjs, 

— o 61 5 ft£y - o 07 Bftjgo 4 o 61 % + 0 07 5 A jB7 

— o o 5 Bft^g 4 o o 5 8ft,,, 

— o oa 8ftfl 9 4 o 17 8ft„ 0 4 0 17 * k m - 0 oa SA^ 

— o 06 5 ft, 10 4 0 06 5 ft , t 

— o oa 5 ft, , 4 o 17 8ft, —0 17 8ft, ei 

— o oa 8/132, 4 o ao 8ft tfiJ 4 0 19 8fty>, — o oa of ^ 

4 o 06 Sft^g — o 07 5 ft w 

— 0 1 3 8/534, 4 o 14 5 ft w 


4 o 04 Bftgw - o o 3 Sft^ 

4 o o 3 8ft^i — o oa 8ft Jfl y 

— o 08 Bftj 8 4 o 71 8ft, oa 

— o 04 BAjq — o 38 8ft«,, 7 4 o 38 5 ft, 

— o 3 i ^ 4 o o 3 Sftaoa 4 o 3 a 5 ft 


-*d 7 i 

o 3a 8h m - 


0 04 8ft 


5 ^s 


+ o oa - o iS 8ft 107 4 o i5 5ft, 
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numerical lunar theory 

DETAILED FINAL EQUATIONS, DEDUCED FROM EQUATION ( 10 ) 


Arguments 
(for Cosines) 
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Section IX , Part 1 — detailed final equations 


EACH LINE SEPARATELY = o 
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SEOJ.ION X 
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Section X — Solution of the Equations of Section IX 

Fait 1 —General Remarks on the Steps of Solution 
Each line of the equations of Section IX is an equation independent of every othu equation, 
and (as the number of equations, after Nos 1 and 301, is tho same as the numbei of unknown 
quantities) is competent to furnish a definite valuo foi each unknown quantity But tho 
great complexity of the equations makos it impracticable to solve them *111 by one gcnoialpioccss, 
or even to lestnct the mode of solution to one class of operations But somo suggestions may 
be made, tending to limit the modes of operation and to assuie the accuracy of oveiy losult 
It seems proper first to call attention to the necessity of solving simultaneously tho two 
subordinate equations in each line of tho 8 Equations (10) and (i i) of Section IS Tho aiguments 
of the great periodical teims m corresponding lines of the two equations aie tho same , tho 
larger attached terms are similaa, and the smaller attached terms aie similai Tho two equa- 
tions of each No must in fact be incorporated, in the ways which aie most propei foi obtainin g 
the desired results, and the solutions must go on poAi pa^sn Tho form and natuio of tho 
solutions will depend m a most impoitant degiee on the adhesion to this piinciplo 
Next, it will be remaiked that the equations, about 200 in numbei, aie so connected succes- 
sively, that, logically consideied, all ought to be solved simultaneously As this is nnpi act j cable, 
we aae compelled to tieat each couplet (including the equations with tho same No m 8 Equation 
(10) and 8 Equation 8 (11) ) separately horn those m other couplets Wc cannot thus avoid tlxu 
introduction of small multiples of the less nnpoitant teims m car h couplet, and wo must 
carefully retain them, because it is by them that the successive connexion (to winch wo have 
just alluded) is really maintained Wo may rely on the results of other equations favourable foi 
the very approximate numencal determination of those which are heio tho loss impoitant, and 
the result of the solution of the couple, thus supplemented, may bo certainly accuiato 

It will, howevei, appeal that the method, which is perfectly successful in tho majority of 
cases, does (for reasons which will be assigned) fail m others But we aie enabled m those cases 
to substitute a different method adapted to their peculianties, which appeals quite satisfactory 
And, finally, it will be remarked that the mean excentricity of tho Moon's 01 bit, and tho moan 
mclmation of its plane to the ecliptic, are elements m its original constitution which cannot 
really be infened or corrected from theoiy And, theieforo, adopting h 2 and h m as tho 
algebraical terms which best lepre&ent these elements, SA 2 = and S/c a0l = o Appaiontly, an 
insignificant value is attributed to SAj, which is to be lejectcd 
The treatment of the terms of 8 Equation (13) scarcoly lequires notice In each line, an 
approximate value of 8fc will be foimed, by neglecting all teims after tho fust , and then thia 
value, as well as 8 g and 8 h } is to he used for improving the numencal term in those linos m which 
it enters with a small co efficient 

Part 2 — Solution of the Equations to No 100 inclusive, which admit of large divisors 
The greater pait of these equations may be solved by a simple and uniform process, m tho 
accuracy of which much confidence may be placed Oorie&ponding equations are to be used, ono 



SECTION X — FISST MODE Or SOLVING THE EQUATIONS OF SECTION IN 


12o 


denved fiom 8 Equation (10), and the othei fiom 8 Equation (it) Thus (taking a couplet at 
hazard) we have foi No 18, 

Thom 8 Equation (io) 

o = - 924 + 5 97 S<7 18 - 3 42 - o 34 Sfl'u - o 15 fyfa + o 14 87 %, - o 13 8/1%, 

Eiom 8 Equation (11) 

o = - 351 + 3 42 Sffa - 3 95 Mha - 0 03 - o 10 $ g u - 0 09 $ g m + o 03 8Aj 

+ 0 25 SAn + o 07 Sk® + o 15 §k J8 , - o 15 8/^ 

The co-efficients of the teims following the thiee fiist in each equation ai^ small Neglectmg 
them m the first instance, we have two equations remaining, suitable foi the determination of 
approximate values of §g ia and 8/^g The foim of solution is this — 


Mefo enee No 1 8 

A?gument I4 D — il\ 


a EQUATION (io) 

f[«] Excess 

1 — 9*4 

[Z>] Jb actor o£ hg 

+ 5 97 

[c] Factor of SA 

— 3 4a 

a EQUATION (ii) 

f [d] Excess 

1 - 55 1 

[c] Factoi of ig 

+ 3 42 

[f] Factoi of SA 

-2 95 


oe — — 1 1 6g 

dc = -|- 1884 

cie = — 3i6o 


bf= —17 61 

qf= + 2725 

db = — 328q 

m 

— ce+bf = — 5 Q2 

§• 

1 

3, 

11 

1 

00 

ae—db = + i2g 


= divisoi 

= dn ldond foi $g 

= dmdend foi 8/i 



= + 142 

a/i = — 22 


Tho same piocoss is followed foi ovoiy No in the entiio senes, giving in each case values of 
its 8 g and 8 h, m most instances fairly approximate Tho approximate solution of the equations 
(to he mentioned shoitly), giving the numerical values of &&, is veiy simple On examining all 
those values, it will he found that there aie teims (§</„ fig^ &c, 87 ^, &c, 8^, &c) corresponding 
to those which were neglected in the treatment of No 18 (above) Substituting then numeucal 
values, multiplying them by the small co efficients included m tho equations No 18 of 
8 Equation (10) and 8 Equation (11), and adding the products to tho numerical terms (— 924 and 
— 531 respectively) of these two equations, we have two equations of the simplest character foi 
two unkno wn quantities Bc-solvmg these equations, we obtain very approximate values foi 
Sg ls and 8^ 8 

The following Table contains the lesults of application of this piocess to the greatei poition of 
the equations of Section IX The reasons foi abandoning this piocess m reference to the 
remaining equations, and the results of applying a different piocess, will be given in the next 
sub-section 

x 2 
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Solution op the Equations op Section IX 

Part 2 — Investigation of the Nrniei ical Values of og and Hi, foi Tei ms admitting Im ge Divisoi s 









Section X— new solution of the equapions or section ix 
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Pent 3 — New Investigation of the Nnme'i icol Values of Sp and 8 h, foi Teirm not admitting 

Laigc Livisois 

It will be convenient now to examine tbo constitution of the numbeis employed m the last 
solutions Wo will wute the equations thus, 

o = a + b 8 g + c hit, 
o = d + e 87 H~ f 8 h 

It will bo lemombcied that a and d aio the Numeucal Teim<- in tho lines of Section IX 
conespondmg to the No and Argument of tho lino m quostion, and that (b, e } ) (c, /) aie 
co efficients of (og ) 9 (8 h), in tho samo lmo , and that all those have been taken fiom the Pioduct- 
Sheets , whidi have been formed by numerical development of tho Modified Factonol Table m 
Section VIII 

Fiom*tho equations written above, we obtain — 


o = ae -I- be 3</ + ce 8 h 

o s= Id + be %g + bf 3 h 


0 

II 

? 

1 

c* 

a 

+ 0 f- (ce — bf) tih 

0 = af 

+ bf + of 87 t 

% 

II 

0 

+ ce S<7 + cf <ih 

0 = (af — cd) 

+ (bf — ce) Sf7 + 0 


Therefoie — 


i\ cd — af 

off = 01 


*7 (1C — bd 

Qh = 01 


0(1 

of' 


V 

bd 

Jj 

L> 

7 


01 5= 


01 = - 


a 

c 

e > 

7 

bd 

<1 

< 

7 


The first of the foims ±01 each clement is tho most convoment foi use, but the second 01 thud 
gives a cleaiei ldoa of the effect of special lelations botween tho numbeis employed 

If b c e f 9 01 if b c c f (which aie equivalent comparisons of piopoitions), then the 
denominatoi = o , and the equations aie usoloss 


If the actual piopoitions, m any case beioie us, aie not exactly equals but differ little from 
equality , then the lesults foi 8 g and 8 h aie laigo, and a tiiflmg error in b } e, e f or /, will produce 
a veiy laige enoi in the results foi 8 g and $h 

This leads to the necessity of adopting, foi tkoso cases, a different piocess of solution, 
described m the following paragraphs — 

On examination it appears that forty- three of tho equations following No 7 (01 more th an 
two fifths of the whole) are in the state descubed at the end of tho last paragraph And the 
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leason 19 this In developing the opeiations of Section Yin, teims of tho \anous senes takon 
fiom Sections II, III, &c, are multiplied by sin l 01 cos l, and pioduce toirns whoso aigumonls 
diffei fiom the oiigmals only by l, but which have the same piopoition of co efficients foi + l 
and — l A-nd when these ore multiplied back again in the operations just dcscubed foi 
finrlmg $g and 8 h, so as to exhibit equations conospondmg to the onginal aigumont, those 
which have been derived thiough + l and — l will have tho same piopoition in tliou places m 
the two teims 6/ and ce Examination of tho numeiical opeiation will make this moie cloai 

To illustrate the couise which will now be puisued, wo will take one pail of thcsi turns, 
No 15 , Aigument Sr They are the following, 

Fiom 8' Equation (io), — 236 + 3002 Sflq — o 149 8/^., = o, 

Fiom 8 Equation (11)— 9 + 0 149 8^ — o 006 SZq = o 

On account of the smnlaiity of piopoitions which I have mentioned (namely, tho appioxinmtc 

eq uali ty of ^2. anc i -2^ I cannot tieat them as sopaiato equations And as I hive no it ison 

foi piesummg on the supenoi accuiaey of eithoi, I shall simply add them, and thus /01m the 
single equation, 

-245 + 3 *5* “ 0 *55 <>h = 0 

To sepaiate the two inequalities hg lB and 8^ , I lomaik that summation of all th< values 
of S3 and 8 h (without legaid of sign), deuvod m each caso fiom the solution of each ol th< pan s 
of tv 0 equations connectmg unknown quantities (exhibited m piocechng pagts, Pait 2) shows 
that the euois of the equations aio almost entirely derived fiom 89 , and that we may iaki w 1 Hi 
sufficient exactness 89 = 25 bit Assuming this piopoition to apply genu ally to tin iquutnms 
now befoie us 

-345 + 3 J- 5 1 X 25 x S/q - o 155 87 < 1B = o, 

01 — 245 + 7862 8/qj} = o, 

— H 3 T > %i = + 77 

The tieatment of tho equations is not strictly accurate, but, in its piactical lesult, I belion 
that it is scaicely mfouoi to tho moie complete investigation 

Thus the following Table has been fonned 

Poo 1 3 — Investigation of the Numerical Values of ig and dt, foi Teton s not adomUinr/ hntjt 

Divisors 






fttsulN 1 

No 

Aigument 

8 Fquation (10)^0 

8 Equation (n)«o 







8t/ 

8h 

2 

l 

4 366 +3 99 x8ff —1 97 x 67 t 

4 198 f 1 98 x 81/ —0 99 x B 7 i 

- 96 -j 

3 9 

3 

2 V — l 

-1578 +3 74 xog i —1 71 xS/i, 

- 698 41 71 x8r/, -0 71 x 87 ij 

44 z 5 3 

+ 17 0 

8 

2 D - s 

4 58 +3 62 x 8^ a —1 56 xS/i s 

H 3 ? 4i 56 x 6</ 8 —0 62 x 5 /j h 

- 18 3 


9 

Z— s 

-1093 + 3 85 xfy, -1 83 x 8/i 0 

— 514 41 83 x 8(/j —0 84 x 8/1 j 

4288 3 

(i« ? 

10 

D 

+ 639 + 3 86 x 8^ lft —1 83 x 8/t 10 

H 292 41 83 x 8r/ w -0 86 x 57 i 10 

-ififi 8 

— < f> 7 

11 

l + s 

1- 4 5 - +4 14 x or/ n -2 12 x 8/i u 

4 -32 42 i- —I 14 x 5 /i u 

-in 6 

- 4 ? 

12 

2/- z 

- i 5 +4 04 x 8cf x —2 02 x SA. t 

4 a 4 ft ox x^Tj -1 o 3 x8//j 

4 aa 

4 0 1 

iS 

$ 

- 239 +3 002x8^ -0 149 x 57 i lfl 

— 940 149 x 8// l —0 006 x 8/tj 

} 7S 8 

4 3 » 

16 

2 D - Z+ S 

-1643 + 3 88 x 8g u -1 86 x 87 i ir 

- 786 41 86 x 8</ ir -0 87 x 87 i 1( 

l 4 3 1 4 

1 17 3 

19 

iD -2 Z 

+ 241 4 3 02 x 8ff u + 0 26 x 57 i 10 

— 26 —0 26 x8y u —0 02 x8/i u 

- 77 7 

- 3 1 
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Pew t 3 Investigation of the Nvmxei ical Values of ig and ih, foi Tex ms not admitting lax ge 

Dwisoxs — completed 



Paxt 4 — Exummutxxm of the Magnitude ofTexms ofLoxig Pexxod 

It appoars desnablo to show, at least m one instance, the effoct that wo may expect to find 
genorally in the co eflicionts o£ teims of long peiiod, pioduced by the length ol then penods 
Thore arc sevual instances in the senes of toxms following No 100 (at which oui complete 
investigations have stopped), which ment attention, especially Nos 101, 103, 108, 147, 203 Of 
these, I select No 103, aignment \D-l + g|, as tho tcim of longest peiiod, its “movement” 
m the table of Section II,Pait 2, being + o 0084513, and its peiiod in oibital levolutions 

I 0000000 n . , 

0^08451? 01 1x8 3^5. 0 1 8 76 years neaily 

The Modified Factorial Table of Section VIII is adapted to this inquiry We are to 
search out, as substitutes for H in that table, eveiy aigument (including No 103) which, com- 




No of lime of 
Factorial Table 
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bmed with the terns on the left side of the table, will pioduco No 10a , the multip lications 
theie indicated aie to he peifoimed, every teun of the form cos \D — £ + 01 

am \D=T+S\ is to he retained , and the snm of all is to equal o 

With one exception (namely, the co-efficient of ^ j» 1 3D — 2? + $| , an exceedingly small toun, 

not sensible m parallax 01 longitude, lequned here foi combination with |a D — 1 1 ) ovoiy term 
requned m the mvestigation is to be found in Section n 01 Section IX 

We pioceed now with the calculations, aiianged in tabular foim — 


Exammatwn of the Magnitude of a Tenm of Long Pen tod 
Argument of Term nndoi consideration = D — l + 8 No 102, Equition (10) 


Left side of Modified 
Factorial Table 


4 a 996 
— o 0S4 cos l 


-0 007 cos | 2 ±)—l | 
- o 024 cos | - D | 

+ 0 00S cos I - 1 | 


Right side of Modified 
Factonal Tible 
(omitting m and m ) 


oq x cos R 


8a 10 x cos | JD—l 1 *S J 
r + 5 x cos | V + S | 


l - a x cob | 1 ) - 2/ 4 *S 
- 3 x cos | \ J}- S | 


r 4 1 x cos | 3U-Z4 A | 
I-9XC0 | JD + l—i S I 
4 16 xcos I D + 1 + 6 I 


Pioduot of 
Columns 2 and 3 
(omitting ineffective turns) 


1, m or m 
coins 
ponding to 
Column 3 


Vioduct of 
Columns 4 and S 


4 2 996 3 y 10 x cos | V—L h S | 
-o i 35 x cos | I)-l + S I 
+ o 054 x com | D— 1 + S | 

+ 0 on x eos | D— l h S | 

— o 012 x cos HZ; - ZT S | 

+ 0 108 x cos f"D— Z+ S | 
ho 040 x cos py^TTs"] 


4 1 

hi 

*1 1 

h I 
\ I 
4 1 
hi 
hi 


—o 214 Bin i, 


-o 032 sin | 2 D—l | 
-o o 53 am ( a D \ 


— i 00S 
4o i 63 cos l 


40 028 00s | l 
40 021 cob I - D I 


x 6m H 


■ 4 S x sin | I) 4 j 


- -ax sin I — 2Z4 A I 


- 3 x am | £> — & | 


■ 41 xsm | 3 R— 1 +S I 

■ — 9 x sm | R 4 S | 


Bg x cos H 


tyio xoos | D-l 4.S 


1 45 xcos | I>4& | 


--ax cob | £>-aZ 4 & 1 
- 3 x cos I D~S | 


• 4 i xcos | 3D-Z4 S ] 
--9 xcos [X?4Z-iS j 


-o 535 x cob I V—l h S 


— 0 214 xcos [XT— 7 *Ts| 

40 048 xcos h<S | 

— o 026 xcos | D—l 4 S | 
ho a 38 xcos I IJ -1 + S | 


-1 oo 58 ff l0 x cos fl*-/ h S 
40 408 x cob | 2>-Zh jS’I I 
-o i63xcoa f ^-/4 S"| 

— o 04a x com j JD— Z4 S | 

40 010 xcos I A)— Z 4 S I 


— o 094 4 cos | -D— / 4 S | 


— 1 0000 
ho 9831 
-0 8504 
-1 8588 

— 1 8419 


4 a 996 x ty ln x < ott | /> — l \ S 
-o 1 35 x com \I)'-l \ S | 
ho oS4x com | /;-/ 1 S | 

10 on x cos | l \ s | 

— 0 01a a cow | — / 4 S | 

4 o 108 x cos | D -l 4 S [ 

I 0 004 x cos | /-J-/4 S | 


-o 00007 
-I 0000 
-o 966 
-0 7 a 3 
-3 457 
-3 394 


jo 53 *> x cob | l) — l\ S | 
— 0 an x com \ I) -l Ps | 

— 0 041x006 | /;-/ Ps*j 
to 048 X cos I l)-l h s I 

— O 439 X COS | A)— / 4 S | 


4 o 000 x ty llr x com | / 4 S 

— 0 408 X COM | I) -/ \ s | 

+ 0 1 58 x com | D- l h S | 

+ 0 o 3 i x cos | s"| 

-o o 38 x cos | / \ S | 

40 37a x cos ) [)-l \ S | 
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No of Line of 
Factonal Table 

I eft side ol Modified 
b leton tl 1 iblc 

3 

Rifeht side of Modified 
d wstonal T ibio 
(omittm^ m and in ) 

4 

Pioduct of 

Columns 2 and 3 
(omitting ineffective teims) 

5 

m 01 m 
cones 
ponding to 
Column 3 

4 


S/i x sm 11 


4*1 


( — 0 ooo 5 sin l) 


' 0 000 



— 0 oo 3 sin | „ D~l | 

0 x sm | D~ S~| 

0 000 



ho 017 sm | Z II] 

f -«x sm [Tll-l l- s | 

~o 017 X cos I fJ—l + s | 

h I 



L - 5 x sin | Da l— S | 

— 0 042 x cos |7d— /+ S | 

+ I 


Pxoduct of 
Columns 4 and 5 


-o 017 x cos | | 

-o 042 x cos | -JJ— 1 + s | 


-1 989 

(4 0006 10 s /) 

+ 0 00 ? COS I _ 

— O 009 COS | 2 U 


S/i x (os Cl 
I^KI *COs | n-l h S , 



-I 992 
I 109 cos / 

4 022 COS |Tl> — l | 

4 - 006 cos | %U | 


otf X (OS II 

’ H *» X eos fTJT" s’] 

■ -2 X (OS I D — Jj S | 

- 3 X COH I D - S | 

r f IXCOH I 3 /> — / h iS [ 

L +9 x cos I D 4 7 -=S ] 
5/ x sm IT 

| B '/ni x 0 m 1*77=77 s | 
oxsm J U+ b | 
o x sin 1 77=1*77 | 
o x sm p/)="s | 
x mn 1777=77 s j 

— 5 x sin 17777= s | 


Ho 368 x sin |77— /-f S j 

h o 107 x sin | 77=77 S | 

4 o 02 |f sin \~J) — l | 
| +0 014 x sin | s | 

ho 126 x sin Pd= 77 V[ 


-1 992 5</ 10 x sm | 7 J-/ j- s | 
o 000 
o 000 
o 000 

-O 006 x sm \ D-l+ £ I 
4 o oi5 x sin fTT^TTT] 


th x sin If 

K x am j77=7 h A | 
r 0 x sm \~Jj+ S | 

L oxsm fx^- 2 / 4 - s 

o x sin fj9~S | 

- - 2 x sm | 3Z>-* + S I 


— o 002 3 A 10 o x sm [ 77 = 7 * »Si"j 


1 


I 

so 268 x sm | D—l f- £ | 

I 

ho 107 v sm 1 iT-l+s j 

I 

4 0 024 x am | s | 

1 

4-0 014 x Mil | 

1 

4 -o 126 x sin | D — 1+ S’] 

— Hi 


1 

O 

8 

00 

Ul 


4 -o 0168 fy ]() / sm | 

^■1 0000 

ho 9831 
—0 8504 

-i 8588 


4 0 011 x sm | D — 1+ s f 

— 1 8419 

“0 o«7 x sm | lD~l+ s | 

X 


1 

-0 002 J/i I08 x bm | V—1+ s [ 

1 

/ 

1 


1 


1 

-0 017 x fun | X>-/+ £ J 

1 

+ 0 041 xsm J D-i j 


7 
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Pait 4 — Examination of tlu Magnitude of u Torn of Long l’o tod — comph U i 1 


Argument of Teim under consideration = D — l + S' No 102 I<qna 1 ion (11) 


*s.§ 


2 


3 

4 

5 







i 

& 

Lett side of Modified 
FiotonaJ lable 

Right suit of Modified 

1 actonal labh 

(^onuttmf, m wul m ) 

Vioduct oi 

C olumns 2 and 3 
(omitting meffutivu tains) 

1 711 01 m 

toniH 
liondm^ to 
( olmun 3 


Piodint oi 
( olumns j. met s 

14 


r 

5 /t A 

CO II 


w 








+ 

10S srn l 

j + S x cos 

| ill S| 

—0 270 x sin | l)—l f- S | 

1 X 0000 

— 0 

370 

sm 

1 l> 

1 1 

s l 



1 — - x cos 

| — ad H S | 

— 0 xo8 x mu | I) — l t S | 

-0 9831 

1 0 

1 of) 

Hill 

1 1 > 

i \ 

s 1 


+ 

016 sin | 2 D — l | 

-3 x cos 

1 0 - S | 

— 0 024 y sm | D—l H S | 

\ 0 85 o 4 

0 

0 0 

MU 

1 « 

1 1 

s l ; 




j + 1 X cos 

| 30 -/+ S | 

—0 014X sin | I)—l 1 S | 

l r 

0 

07 C) 

sm 

1 h~t . 

M 


+ 

0*7 sin | 2 1 ) | 

1 — 9 X cos 

\~ifTt~s] 

— 0 122 x sm | A>— / f S | 

1 1 8419 

— 0 

7 %$ 

Hi 

1 » 

/ ■ 

** 1 

15 



5 /i 1 

sin If 


m 








-HI 

CD 

O 

O 

8/i 10 x mil | l 1 S"| 

1 1 006 W u) xsm | />— /h S 1 

-0 000 3 

0 

000 







108 cos l 

r ox sm 

1 I)v S 1 

0 000 

— x oon 








_ 

J 











L ox sm 

| l)-zl 1 S 1 

0 000 

— 0 yfifi 








- 

019 cos j 2 ij —r 1 

0 x sm 

r«- 1 

0 000 

-0 723 









oi 5 cos | ~ V | 

r — a x sm 

| 3 /;-/ h S | 

40 oiSxhui | l)-l \ S | 

4<7 

- r> 

oSa 

Nil 

1 /> 

-/ » 

s 1 



1 - 5 y sin 

| /Ji/-s | 

-0 o 38 > sm | S | 

- 1 ^4 

1 0 

1 j6 * Hill 

1 » 

/I 

s 1 


Collecting and summing the turns fiom those two tables, wo had tlu* billow mg 
equations — 

From Equation (10), + a 996 x of/ l(l > — o 017 x fth Wm — 37 = o , 

From Equation (u), + o 017 x Sflq,,, — o 00a x oh 0J - 187 =0 

And we have now to decide on the process to 1 m adoptul loi solution of tlu st < qua! ions 

We are heic rn a difhculty precisely suuiUr to that in far 1 3 ol tins Si ction We hast In foi. 
us two equations which, physically, an ovcoedmgly unequal (the physical units 1« mg (he saim ) 
If we assume both to bo accuiate, wo obtain, for solutions, numbeis i \hftvngan(ly laigi 
If we make, m the smalloi oquation, jx tty nnmuical changes, such as could well lie ndojiti d to 

consistent with the possibility of small cuoit>, wo pioducc onormouH changes in lnagndude oi flit 

results, 01 even change of sign Tho host combination oi the equations which it is jmssibh to 
make appeals to he their simple sum , 01 

d 3 ox 3 * < 5(7102 - o 019 8/i j — 324 = 0 

But we must have anotliei equation 01 anothoi condition, and hint T pioposi, as in I ’ait J} of 
this Section, to assume that Scy = 35 x 37 t This changes tho equation into 3 o Uiv/,,,,- 424 = 0, 
8 ( 7 ioa = + 74 , §h iai = + 3 

The value of 8g 10a represents a turn in the dnection of radius vcctoi, whose moamtu is fin 
length of nearly 1" 5 on tho Moon’s 01 bit, it is totally insensible to obseivation Tlu* value of 
SAjoa lepiesents a term m longitude = 0" 06 neailj. , it is too small to bo soon 







Section X — solution or the equations 01 section ix 


133 


1 (W i j Oti the possibility of i/nti oclucifiy Soovjl&T Tgiitis 
I have not disco via ed any tom oi Seculai Te.ms which can satisfy the equations applying to 
the Moon’s co oidmates , unless the motions of the Sun 01 the Planets aie affoctod by some 
soculoi cause umocogniisocl m the pieceding investigations 

To mathematicians who desne to examine this question, I would suggest that gioat simplicity 
is intioducod by omitting all tonns depending in anj way on / l, 01 S, but that the intention 
ot the simple niguments 1 >, \aD\, I3 D\, &c is indispensable as they aie necossaiy elements m 
the ovpiossion of movement m a system m which tho Moon’s motions aie distuibcd by the 
atti action oi the Sun , J 


Pent 6 Ftnal eipu^wm foi the Moon’s Eonzontal Equate) eal Paiallaa, and Longitude, 

, on a ' 6 Mnphotb of Split) zeal Em th and Invert table Solan Oibit 

The co-eihcients undei tho heading “ vduc ot j fuithoi eonectod,” which couespond to ladius 
10000000, aie convciti d into co elhcients conespondmg to tho Sexagesimal Equivalent ot 
Paiallax, by the mnltiphoi 1 

* I OOOOOOO 
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Pait 6 — Results of the entvic hwebhgaUon of I/anni JSdiptn tm qualities umtimuil 


£ 


21 

22 

23 


3 


2 6 
21 
28 

29 

3 0 


3 i 

3 - 

33 

34 

35 


36 

37 

38 

39 
4 ° 


4i 

41 

43 

44 

45 


46 

47 

48 

49 

5 0 


5 i 

5 z 

53 

54 

55 


56 

II 

59 

60 


61 

62 

63 

64 

65 


TERM 

00 1 BTICTI NT 01 < OOSINI OI) AKI.UMl'NT 

( 0 fcM'H II NI 0I< 
()I< AMillMlNl 

MNI 


Assumed Value 

of Column i, 

Voliu ol 

U 

C 01 u Mpo!ulm n 

I< quulou.nl 

AhMIIIU (l 
Valm ol v 
conceit cl 

Itn 5 h 

< mm iU d 

Aitmnont 

r 

? 

coxxot led for 
the numlKJis m 

Si etion V 

1 

iuithcr coutctul 
ioi 5 // 

Hoi i/onl il 

L’nx illux, 

hi xu^i Humil 

\ ulm oi f , 

St x if,t Muml 






/ 

// 



/ 

/ 

iD + Z- S 

1 

575 

t 

674 

4 

23 

1 

708 

l 

1 1 6 

+ -D 

l 

57- 

-f 

765 

1 

-7 

\ 

<>73 

i 

1 3 y 

Z> + S 


439 


444 

4 

i 5 

1 

SSy 

1 

IS 1 

aD - 2/ 

— 

3 -o 

— 

3 on 

— 

10 

l 

af^ft 


5 *» - 

2 l — S 

»• 

3 oi 

H 

371 

1 

12 

i 

477 

( 

V s 

aD -37 

_ 

296 

_ 

3 W 


11 

1 

6 i(> 

\ 

I > X 

d 4 z 

— 

2S4 

— 

3 7 S 

- 

i 3 

— 

507 


i> 5 

27 4 S 

— 

268 

— 

3 00 

— 

10 

— 

3 -x 


7 7 

>P-i/- z 

— 

239 

— 

2 4 3 

— 

oS 

l 

9 

\ 

X 

2 D — 2 S 

1 

2— 

4 

269 

1 

09 

\ 

397 

1 

H 2 

2 D - 2/ 4 7 

— 

146 

— 

i 3 9 

_ 

o 5 


109 


6 1 

zD - 7 - 2 S 

I 

i 3 ~ 

4 

»*- 

I 

o 5 

i 

363 

i 

7 5 

4 ^ 

1 

1-1 

1 

118 

1 

<n 

i 

9*1 

1 

x 9 

aD + 7 4 S 

— 

uS 

— 

142 

— 

o 5 

— 



2 9 

4 X) _ z- s 

1 

87 

1 

20- 

* 

0 

1 

20 

1 

4 5 

3 P - Z 

- 

58 

— 

U 4 


ol 

« 

i 3 y 


3 1 

4 ^ 4 7 

h 

J 4 

1 

12^ 


oi 

1 

96 

1 

- 0 

aD 1-37 

4 

5 x 

1 

69 

1 

02 

t 

5 a 


1 x 

4D -a 7 - S 

1- 

46 

4 

98 

l 

o 3 

l 

ix 5 

i 

2 6 

3 D 

4 

46 

1 

3 



i 

x- 


4 

2 D 4 2/ - 2 7 

— 

43 

— 

44 


02 

w 

27 


6 

D -1 7 -l S 

-1 

39 

1 

5 o 

1 

02 

1 

ft 

1 

x 1 

Z — 2 S 

4 

39 

H 

34 

1 

02 

1 

lax 

1 

1 5 

2D — Z 4 2 s 

— 

38 

— 

■>•> 

- 

0- 


1 >9 
4*3 



2 D -2Z- s 

— 

37 

— 

37 

- 

0- 

\ 

1 

8 ft 

2 S 

aD < a/ — ST 

h 

36 

35 

1 

24 

67 

4 

01 

02 

\ 

3 fn 

57 

< 

7 3 

f 1 

2 D 4 2/ - / 

4 D — A 

Z h 2 9 

4 

3 

33 

3 o 

1 

3 x 

io 3 

3 i 

1 

01 

04 

01 

\ 

1^ 

9 X 

5 ft 

i 

k * 

9 4 
* 9 
x 2 

2 D — 2/— aZ 


*7 

24 

- 

35 

a6 

- 

01 

0 1 

- 

19955 

s 

- 6 

5 x 6 

ft, 

aD — 4Z 

4D - Z 4 S 

D - 7 


*4 

23 

— 

36 

3 i 

— 

01 

ox 


16 

3 i 

i 

9 

1 , 

4 

2- 

-1 

35 

4 

01 

- 

90- 

- 

xS 6 

D -2/ 

2D -2/ - S 

4 D — 2 7 4 S 

D -27 

37 - 9 

1- 

4 

4 

22 

-0 

20 

20 

18 

t- 

4 

4 

ml 

24 

16 

38 

H 

1 

4 

\ 

ox 

Cl 

ox 

ox 

ox 

1 - 
T 1 

10ft 

.0 

7 ^ 

31 

i 

4 

ft 

4 
x 5 

7 

37 + S 

2D - 2/ 4 2 7 

D 4 27 

2 D 4 7-29 

3 D -aZ 

4 

18 

19 

19 

15 

16 

4 

JZ 

l6 

35 

34 

25 

4 

01 

ox 

OX 

ox 

01 

1 _ 

1 

♦ 

33 

21 

15 

36 

58 

1 

7 

4 

7 

i 

I 2 
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Pait G —Remit* of the entvre Investigation of Lima* Ecliptic Inequalities— completed 



Pari 7 — Final expressions for the Moon’s latitude, on assv/mption of SphencaZ Ea/ith and 

Invai table Solar Ch hit 

The equations relating to the collection of the Moon’s veitical distance fiom the plane of the 
ecliptic (which is sensibly the same as the conection of the Moon’s latitude) aie so simple, that 
the whole of the operations for the solution of the equations in the thud division of Section IX 
by ascei taming and applying the values of 8£, can be inctuded m the two small tables 
following 

The pumary co efficient of latitude is adopted from Delaunay 
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Pait 7 — Results of the antiu Inoul it/tition, oj liquidities oj Limit i Luhtuili 
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Section X — solution op the equations op section ex 
Pa/it 7 — Final expressions for the Moons Latitude 


Co efficient Co efficient 

of Sine of a , of bino of « i 

Alignment * *«— 5*33? 

8/ Bk 


.101 f 

JO- f H l 

3oj y — z 

004 a D — / 

3o5 aX>H y~ Z 


jo6 zD — 
J 07 a 22 4 
job 


/*- l 
f 

f+zl 


aD- /+ Z 
f--l 


3n *zD~ f - 

3 12 2 22 — y - a Z 

313 aD+ /+ / 

314 aJ9- / — 

3 1 5 zD + /- Z - 


zD + f 
zD- /- 
4^“ /- 


+ 895027 

+ 48974 

4 48506 

+ 3oa37 

4 9678 

+ 8o56 

4 06 S 4 

+ 3 006 

4 1618 

— 1 60 a 


3a6 / - S 

327 f 

3ab f 4 3 Z 

j~9 4 D - / 

33o 4 X 2 4 /- Z 

3ji 3/ — Z 

33- 4 Z> + y - aZ 

333 a 22 — 3 y 

334 2 22 — f+zl 

3 j5 2 .D 4 y — Z 4 5 

336 2 2?- /4 Z- -S 

337 a22 4 /- aZ 

338 /- 3 Z 

339 a 2 ? 4 /* 4 a Z 

340 2 D — / — 3 Z 

341 2 X>- / 4 S 

342 a Z> — / — Z 4 5 

343 zB- f - 2 S 

344 2 x? 4 y * 4 z — 5 

3 4 5 4-0 H / 

346 3/ 4 Z 

347 a 22 — / 4 Z 4 S 

348 22- / 4 5 

349 22 4 y 4 S 

3 5o / 4 a Z — S 


7 41 3 
16 5o a 
16 40 5 
10 23 7 
3 19 6 

a 46 a 
1 57 a 
z 20 
33 4 
33 o 


35i -22- / — a Z — 5 

3Sa 22 + y 4 Z 

353 /* 4 a Z ^ S 

354 22- y + Z 

355 4 22 - /-zZ , 

356 422- / - Z- Sf 

j 57 4D - y + z 

358 4.D — y - S 

35 9 £»- /- Z 

360 2 22 4 / 


- a 5 4 


36a a D — 3y — Z 

363 y — a Z — 5f 

364 aX?4 /— Z — a b 

365 y — 2 Z 4 £» 

366 2 D - 3y 4 Z 

367 3 22 — y- Z 

368 y 4 4 Z 

369 2 D - / - Z-aS 

370 4224 /- Z- S 

371 2 22 4 3y ~ Z 

37a 2 22 4 y- 3 Z 

373 aZ? 4 y H Z 4 s 
37+ 4 W - y - l 4 6 

375 422 1 /- zZ- S 

376 3J>4 y- z 

377 4224 y 4 z 

J7b a 22 — y 4 3 Z 
379 222 4 3/ 

3bo O 4 /— Z 

3Si 3 y-aZ 

38 a a 22 4 y 4 3 Z 
38 ^ a 22 — / ha/— & 

384 2 22 — y 4:5 

i85 3y4 aZ 

386 2 22 — y-4Z 

387 422- y 4 5 

388 4 2H y - S 

389 22 4 y 4 Z 4 s 

390 aD 4 y 4 a Z — S 

391 y - aiS 

39a y 4 a 5 

393 /+ 

394 y 4 Z 4 a A 

395 /+3Z- 5 

396 y 4 3 z 4 $ 

397 y - Z - a £ 

398 y — Z 4 a $ 

399 /- 3 Z — 5 

400 y — 3 z 4 *s 



4 

l3 

- 

i5 

- 

14 



With these Tables terminates the discussion of the magnitude of co-efficients of separate teims 
as depending on the assumptions of Sphorical Earth and Undisturbed Position of the Solai Orbit 


4 ^*4 
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NUMERICAL LUNAR THEORY 


Section X — Soluiion op the Equations op Section IX 

Pait 8 — Memailt, on the Collection of the Oibital Eh month 

In the pieceding steps of the Solution of the Individual Equations denved tiom the m ass ol 
equations which aie vntually collected m Equation (io), Equation (ti), Equation (r a), I ha\<, 
in 01 dei to dimmish the gieat complexity of the case tieited the equitions by supposing that 
they might he sepaiated into two classes (namely, those wnich apply to Individual Cool he ion is 
of Inequalities and thosef which show the effects of eirois of Geneial Oibital Elements applying 

to all) , and I ha\e tacitly assumed that these two classes might he tieatod sopantely without 
matenal enor 

The class of Indi/idual Coefficients has been discussed at gieat length 

Theie lemams now, to be examined the class of Oibital Elements Ot these, as applying to 
the Plane of the Ecliptic (the movement poiollel to that piano being not sensibly illicit <1 by 
small earns in the teims of latitude), there is, in peifect accuracy of 1 anguagi , only one uroi, 
namely, that of the movement of aigument of elliptic inequality , although it will be convi me nt 
to use, foi its investigation, the supposition of two inequalities, with wguments ol the sanu 
period , one applying to radiuB vectoi, the othoi applying to longitude 

Foi this pui pose I have taken account of all the teims as fu as No 25 omitting all m which 
the argument is merely a multiple of l, and also omitting all m which l docs not appeu And 
I have divided these adopted teims mto two classes, distinguished by the sign ol / m tin* 
aigument For the numerical terms unconected I have adopted the loading numbus m 
Section IX, Parts 1 and 2, changing the signs of all, to show the coirection u quin d For tin 
coirections to g and h (8y and &/t), I have leferteu to Section X , Paits 2 and 1 


Examination of the Bmooclmce of Results, as connected vnth the sign of l m the AigmunU 
(1 ) When the sign of l m the Aigument is positive 



Sign Tnd 
Multip e 

Correction requited 

Conection icquuod 

Correction found 

Collection found 

.No 

of l in the 

by Numerical Term 

by Numencil lerm 

foi (J 



Argument 

of Equation (io) 

of Equation ^u) 

foi 1 quition (io) 

foi Equation (n) 

6 

+ i 

+ 647 


+ 385 


+ n 


1 

+ 2 

“ 

9 

+ i 

+ 1080 


+ 5 o 6 


+ 288 


+ 12 


ii 

+ i 


“ 4S1 


- 235 


- 1x2 


5 

20 

+ 2 

+ 55 o 


+ 269 


+ 36 



— 1 

21 

+ i 

+ 940 


+ 5 14 


+ 99 


+ 1 


25 

+ 2 

+ 352 


+ 196 


+ 70 


+ 11 


Sum 

+ 8 

+ 

3 i 18 

+ 

1635 

+ 

453 | 

h 

20 

Mean 

i 

+ 

390 

+ 

204 

1 + 

57 1 

H 

2 




Section X— soiution of the equations of section ix Pwrtb—Rmmka 
on Ihe Cot'i ecfuvn of the Chbiial Memento 

(2 ) When the «ign of L m tin Aigument is negative 
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No 

Sign and 
Multiple 
of l m tho 
Aigumont 

Conoction icquued 
by Numeric 'll J orm 
of Fqnation (io) 

Coirection lequued 
liy Numerical JLcnn 
of Fquaiion (xi) 

Coirection found 
foi <7 

for I quauon (10) 

Coirection found 

for h 

foi Fquation (11) 

3 


I 

4 

i 563 


4 

726 


4 

425 



4 18 


8 

— 

I 



“ 71 



- 39 



- 

x8 

0 

— I 

12 

- 

I 

4 

17 


t* 

0 


4 

2 


9 

0 


14 

— 

I 

h 

2774 


4 

1496 


4 

2 94 



4 5 


16 

- 

I 

4 

1 634 


4 

7*4 


4 

43i 



b 17 


iS 

- 

2 

h 

9*4 


1 

55 i 


4 

170 




— I 



2 



- 238 

4 

26 




- 

7* 


4 

Sam 



A. 

66 o 3 

8 f 


4 

1226 

H 

34 

B3l! 

:|M 


H 

734 

■ 



l x 36 

4 

4 



4 

562 



4 

96 


H 

3 

General Mean reducing "1 
all to tlie lugatm > 
pign of l J 


4 

172 

1 95 


- 

61 


1 X 


A similai com se miy be followed with lcgaid to the inequalities ol Lnnai Latitude The 
argument upon which all otheis aio ioimed is f, and, as the pumaiy value of /is aibitiaiy, the 
only way m wlueh we can examine in teem acies (on the hioad scale) m the application of it, is, 
by comp wing tho mass of lcsults m wluclt the sign of fm + with the mass of icsults m which 
the sign of/ is — In the following table I omit tains depending simply on / and if 


No 




No 

MultipleH of/ 

Icmw oil rjuation 
(11) 

lumB of 8 / 


n 

m 

m 



■1 


4 

- 

4 


4 

- 

302 

X 



11 

3 7 


3 x 6 

1 


So 



7 4 

3 o 3 

X 



5 


4 9 

317 


X 

X 


t 0 

304 


i 

69 

x& 


62 x 

3 x 8 


I 


7 i 

37 4 


3 o 5 

X 




28 1 

3 i 9 

I 


38 

14 2 

3 o 6 


1 


45 


46 0 

320 

x 


1 5 



98 0 

307 

3 0 8 

1 

I 


60 

25 

3 2 

8 4 

3 m 
3 z 3 

I 

I 


14 

21 

14 0 

7 8 


309 


X 


12 

5 1 


324 

X 



17 

5 2 


3 io 

1 



12 


240 

325 

X 



mm 

6 9 


3 n 







326 

l 


7 

mm 

Si 2 



X 


x 3 


3 l L 







312 


X 

10 



35 0 

327 


X 

7 


7 0 


3 x 3 

X 


64 



4 6 

3 a 8 

X 


H 

1 4 
x 3 9 


314 


1 


4 


25 0 

329 


X 


«7 


3 x 5 

! X 


4 



1 8 

33 o 

I 


104 

✓ 

8 1 


z 


I 
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NUMERICAL LUNAR THEORY Section X — solution of iiil iquations 
of section i\ Part 9 — Consideration of Theories 


It does not, liowevei, appeal possible, without extensive calculations, to ofTor any chock oi 
this class on the relation between the coefficients in the senes for - and those in tho sciks foi v 9 
excepting that given by the geneial solution for Sff and h at the beginning of Section X , and 
m this respect the present theoiv, at the point where it now stops, might seem defective 1 
believe, howevei, that on examination it will be found satisfictoiy 


„ Pao t 9 — Consideration of Theories 

I may now expiess my opinion on the two foims of treatment (Delaunay’s and tlial ot tho 
present woik) consideied above , and on tho course which, m my judgment, it would Ik best to 
adopt m future Lunai Theories 

I legal d the contents of tho piescnt volume as a woik, not so much of investigation is ol 
criticism And m this light I think that such i woik, piopeily earned out, miy bo useful 
But its lesults ought to be exhibited, not only m chocking the coefficients of longitude and 
latitude (as above), but also so as to separate the effects of enois of tho coefficients o( curnni 
time in the aiguments of the leading inequalities oi cxccntri city and latitude I < anuot now 
hope personally, as I could liavo dosnod, to complote these steps 

I have been led to my undei taking by a belief, that the approximation to tlu values of 
numerical teims of a secondaiy oi teitiaiy place, by sciios of poweis ol tho pinnuy algobiaiud 
coefficient, is not peifcctly tiustwoithy Tho convcigencc of tonus which M Dclmnay lus 
exhibited is slow It is easy to show m simple algcbi ucal foimuln liow tins chauutot mij bo 
given to lesults , whieli, if at once tieatcd numeucaJly, possess undoubted iceiu icy , but which 
by being involved m a piocess of symbols, may bo londond maccui itely divoigont 

I am veiy sensible of the beauty of algebiaical tieatment m cvoiy stop N( vuilu loss, \ 
considei that the best prospect foi resultant accuiocy is to he sough! in ilgebmie il hoatiuont 
of numerical teims, step by slop, always main taming all tho simple pioducts, of each ftlgelnaic 
foim denved fiom the last substitution, by the sum of ill the numoncil coefficients (wiihoui 
lestnction of oideis) collected fiom that last substitution Tho treatment of the terms connected 
with excentncity ind inclination (in the use oi a' cos n'l H b' sm n't for the (\conLuc turn 

m and a" cos n n i + b" sm n n i foi the excontrio tcim m v) will rcquuo oautions wlinh 
have not hitheito been necessary Similai xemaiks apply to tho latitude 


With this teimmates my woik on what is usually consideied Lunai Theory 


I now pioceed to consider the terms which depend on foreign elements — the Figuio of the 
Eaith, and the Disturbances of the Solar Oibit 





NUMERICAL LUNAR THEORY. 


SECTION XL 


TERMS PRODUCED BY OBLATENESS OE THE EARTH 
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RlOIION XI — TmIMS PUOUUCl D J 1 Y OnLAL'J'NLSS 01 1111 12AH11I 

Let the axis ol £ lie diawn fiorn the eontoi ol 1 lie e ailli tow uds tho In st point ot ( lam e 1 , tin 
avis of y towaids tlm inst point of Libi i, uni the* i\is ol z tow u els Hu Noilli poll ol tin 
Ecliptic The vns ol the caith will bo uulueleel in tin 1 plain winch pissi >■ llumigh Hn avis til 
^ and z, heing liiclmod Lorn tho positive jiattol tin ivis of c towaids llu posit m pail ol llu> 
axis of o, and will linkc, with tho ivis ol tin im*li to llu obliquity ol llu ulipln marly 
23 ° 27 ' 

Foi oxpiossion ol tlio Moon’s oo-oielmatos and tlu fonts which ut on the Moon, \u nlinll 
bogm by retelling all lo i new system of co-oidiiiati s , X bum, in tlu plum ol llu 1 ICiuth i 
equatoi, wlieic intoisectod bylllm plums in, Y the same as //, anelEmtlio h,u tit's n\i < Thin 
for tlie Moon’s eo-tiidmales, 

X = cos «> / sin to c, 

Y =- ,, 

Vt — sin ft> ; | cos «) 

Now, by tlio theoiy ol the ITctoogi neons IHutli (su tin aul hoi’s M din main at Tiatts 
4 th Edition, Cambudge, lb 30 , in which Madam m e Tluoiyis slintly i mployud) , putting K 
loi tho entire mass oi tho oblate caitli, e tlio polai sum avis, e (I | f ) tho ujuafoiuil hi mi huh 
w? tho i itio of oepiatoioal oenliifugal ioico lo giavity, ilso / leu llu Moon i di .lanco hum tlu 
Earth’s contei — 

Eorco m X a K{ - , X , + (e - x x | - ) | i;Z j x \ [ 

hoice in Y = E{ - J d (c - 2 ') x •* x { _ # | <;Z } x Y }- 

Foho m Z = E{- ' 1 (< - ~) x x 1- \t + & } x %\ 

Tho numoned value of e- is sensibly ^ = o 005555 , lint ol ,u is 1 » o 005460a , 

thoiefoie the value oi e — m = -\ o 001603, 01 = h fij ‘ K 

The fust teims ol the expiessions fot the tlnoe fences it pie sent, when taken toge llu 1, llu 
simple giavitationil attiaction ol the mass E, is e ollecte el at tho euitea ol tluieaith, witlumt nnj 
allusion to dilate toim li is intended (111 tins Hie tion) to investigate tlu c (helot oblate mss 
by refeienee only to the foices winch may be amsitleud as uldeel on to tho oidmary lottes of 
gravity, in the same mannei as m othei paits of the theoiy ol disturbing lorLCs Thou fores wei 
may now oout the fiist toims And wo may considei E = i , and wo may, foi tho present, omit 



Section SI — teems produced by oblatene&b op the earth 
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the general multipliei + g -^- 8 £ Then, substituting for X, Y, Z, their values given above, 
we obtain, 

Oblateness-foice in X = — i 2 + 5 (sin co x + cos co z) a x (cos co c — sin w z) 

Oblateness-foice in Y = 1-/3 + 5 (sin co x + cos co «) B } x y 

Oblateness-force m Z = { —31^ + 5 (sin ai x + cos m z) 3 ]- x (sin a> a. + cos co z) 

Now, by oidmaiy tiansfer of tho duection of forces, 

Oblateness-lorce m x = + cos co x oblatenoss-foico m X + sm co x oblateness-force in Z 
Oblateness force m y — oblateness-foice m Y 

Oblateness-foice in s = — yin co x oblatoness-foice in X + cos a> x oblateness force in Z 
And then, by inserting m these tho values given in the preceding lines, 

Oblatene&s-foieo mx = — 2, sin co r' (sin co x + cos co z) — + 5 (sin w 0 + cos co z)* x 

Oblateness-foico ini/= — rMj + 5 (sin co x + cos co ") y 

Obi itenoss-force in z = — a cos co 1 (sm co X + cos co z) — 1 3 c + 5 (sin co c -| cos co 0) 1 s 

Wo now prepare foi oui proposed method of solution TJso p, foi the length of tho piojection 
of r upon the plane of tho ecliptic, or the hypotenuse of the tuanglo whoso sides aao % xnd y , 

and v, foi the angle between « and p, 01 the ‘Geocentric Longitude of the Moon — ~ ’ Also, put 
X for tho Moon’s Gcoccntnc latitude Then p will = t cos \ And— 

Obi iteness lorco in p = + cos v x oblateness-force in x + sm v x oblatenoss ioico in y 
Oblateness-foice ' 
tiansveisal to p, m 

the direction of }>■= — sm v x obliteness-foico m x + cos v x oblateness loice m y 
accelerating the 
oibital motion 

Oi— 

Oblateness-foice Ridial m Ecliptic = 

— % &in co j(sm <0 x + cos at z) — r a p + 5 p (sm at x -(- cos co z)° 
Oblateness-force Transversal m Ecliptic = 

+ 2 sm co ~ (sin co x + cos co z) 

Oblateness-force Normal to Ecliptic = 

— a cos co 1 2 (sm co x + cos 00 z) — t*z + 5s (sm co x + cos co zp 

fte-mtioducmg now the general multipliei +0001603 ?> an< * lemaikmg that co = 23 0 37' 
nearly , sine co = o 39795 , cos co = o 91 741 , also ~ 7 = ~ 7 = (sme ol moon’s mom honzontal 

polar parallax) 2 ^ = (sm 56' 51") 8 ^ , and assuming a — 1, we obtain the following expres- 
sions with numerical coefficients, for the oblateness-foices just found The first column of 
figures contains the logarithmic factors of the several teims produced by expansion of the 



144 


NUMERICAL LUNAR THEORY 


fonnulna rbovo , it will lx lunaihod tlntm evcli ol thorn tlu* lust linmoiicnl turn i jmsitivi , Imt 
the laige nogitivc collection. — iooisto he rttacliod to it As iigtiidsthi 4 siiond lolmnn Hu 
numbers aio ill to bo multiplied by i o “ 10 The ugumi nts h tv< hi m di uu,i il by ipplu d»>» ol 
the foimul e a = p cos o, ?/ = f>, in o 


(A) Genual Multiplier (mdurtul m Ullliol __ 
following oxpiossious) J 

1 * 0 1 I S 1 - 10 0 

1 < 

tf 

>1 

1 l*«M 



l* 

OlilitcniHs ioius, Rudml in Ldi|itii 




(B) 

= 

- |*3 "14? 5 o 

~ 10*0 I 

tt r 

7 ft 

- 10 "i , 3 SS | 

1 

t 

p 

dll r 

(C) 


- | 3 ~SoSa 3 _ 

— 10 0 | 

a 1 - 

?‘ ft 

it 

- 10 1,1 X 3200 <» 

1 

i* 

i 

V 

1 DM 9 

(D) 

“ 

-4 | 3 64181 

- 10 0 | 


10 •" | 3 S 3 4 

t 

P 

r 

(I'd 


1 1 3 iiptA 

-~I0 0 1 

a 

\ 10 1,1 3 1 ; 1 9 

X 

1 

r 

i OH t 

oo 


f | 4 20420 

— 10 0 | 

a 

i P 

t* 1 

\ lu 10 x 6 oo 3 1 

I 

1 

P 

M» < 

(co 

e 

f | 4 26S90 

- 10 0 I 

a 

\ 10 1,1 1X146 ft 

1 

7 / 

1 ' 




Oblate ut ss lom s, Tiurwvi \ n il m h< hpli< 




(ii) 

- 

4 I 3 M2S0 

- xo 0 I 

a u/ 

i 1 ft 

l 10 "1 * H»» 1 

t 

1 

A ft 

< M 9 9 111 f 

0) 

- 

l | 3 Sol 3 

10 0 | 

a v- 

j p 

1 jo - 111 / 3 < 0 6 

> 


Mil 1 




Oblatcups* loicoHj Normal lo hdiplu 




(J) 

u_ 

-- | sTosS" 

d | 

a 

t ^ 

7 

10 10 3 xoo 6 

X 

9 

1 

X 4 II* f 

<K) 

e= 

- |T 16796' 

toT| 

a 

7 

~ io~ l " x 7378 4 

X 

' 1' 

S 


(h) 


- 1 3 _ 5 ^T 8 r 

“10 0 | 

a 

r 1 

~ jqmIII /■ 4 

X 

t 



(M) 

=3 

1 | 3 04 4. 

-100 | 

a 

,7 1 - 

H 10- 10 x 3470 <) 

t 

X 

7 * 

* P 

* < MlN f 

(N) 

ess 

1- f 4 ^0420 

10 o'] 

- 

rt 

f io- m x j 6 qo 3 0 

X 

' P 

X * X cn*» f 

0?) 

e=M 

H I 4 *265 Jo 

— X 0 ~O | 

<L ^ 

r* 

t 10 10 > 18446 0 

l 

* ,1 

x 

1 


And those expressions ate to bo convcitcd (by operations to be hcrcaltoi diwubod) into 
formnlse depending on the genorad argument H, and on l, P Jt 1)~— 1 7| , &c., connected with H 
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SECTION XI — EQUATIONS. OB’ THE MOON’S MOTIONS PUODUOTD BY TH] OBLATENESS j^g 

OE THE EAEUH 

We now pioceod to tieat these numbers by leteienco to the equations obtained m page to 

In tlie equxtions (4), (5), (6), of page 10, put p foi 1 cos 1 and P, T, Z, foi tho distuibing 
foices — parallol to p, ocliptic-transvorsol to p, and nounal to the echptic And consider p as 
repiosontod by the sum of two terns. It + 8 p, v by V 4 Sv, and 1 by L 4 81 , of which 
R, Y, L, would satisfy the equations deprived of then poiturbation teims , and R 4 - 8 p, 
Y 4 Sv, L 4 81 , will satisfy the equations with tho poiturbation teims, 8 p, 8u, 81 , being 
e\tiomoly small The factois of 8 p 84 81 , in the functions of R 4 8 p, &c , will be foimod by 
tho 01 dir say difleiontial foimulm 

Inst, to pioduce equation ^4), of pago 10 In the last teim, (p/) sepiosents tho ontno 
foi co in tho duection of p, and thoieforo (soo pago 12) it is = — cos 1 + P , 01 

=s — cos’l 4 P, oi, sensibly (page ix) nnd using 1 foi a, (p/) = ~ ” cos* l + P 
Thus the < quation (4) becomes — 

+ i -P-QY-f (*)'+; -r f -o 

And, substituting R + Sp, and Y 4 8v, to tho first powei of 8p and 80, — 


i = > ' 


d O'- I* alt 8p) 
dl* 


l t 'Li 1 1 , Sp 

r ,il‘ + ill °r 


(dp V _ (d\i , d 8 p\’ 

"" [ill) “* [ill + dl I 

(dv\* /-p , n.x» (dV , d 81AI 

- p (hi) = - ( R + W (in + nr) 


, A 8p y, d 8p 

.» 3 1 , nr ~di~ 

__ dn il_ Sp 

~~ I dl) " dt dt 

©’-»* © V 


(A 


?)'* 



cos *L — i cos ’ L 


it 

L n 2 COS 1 I tv 

ov — - K — 8 p 


+ i cos 1 1 = H . 

p |_(cos 2 L — 3 cos 2 L sm Ij 81 ) 

_ Pp = - P (R 4 8p) 

Tho last term, P8p, is to be injected, as being the pioduct ot two smal] quantities Now, if 
we add all veitically, and iem.uk that tlie first column on the light sulo lopiosonls tho terms 
in an undistiubcd oibit, and, then foie, necessarily = 0, — 


0 _ 4 L ? 

11 — + dt 


* (ft gp (TV d 8w 7-v /f/VA 1 1 <v 

4 r v - aR di m - 3R (ai) sp 


jj cos ’ L sm L 81 

COS 1 3 J \ yj ts 

- % -iii- op — P R 


Pioceedmg now to Equation (5) 

This equation consists of tho single-term 4 J jV* - (GO P = 0 And hore ll « to be 

remarked that, m tho odiptic foice tiansvorsal to tho ecliptic ladius, thore is no pait deuvedllom 
tho oaith’s central attiaction, and tlie value of - (//) p is stnctly lumtod to the small peiturba- 

tion term - T p And tho equation (5) of pago to bccomi s 4 df ^p 1 - T p = 0 , 01 

||(R + gp)a , (^ 4 } - T p = 0 , which, treated m the same mannoi, gives,— 

*(R ffl.TT e +»£(* S) «SP + R “ P = 0 
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Finally, we lake Equation (6) 

Heie it is to be remarked that the foice (zf), which is llio wholo foice-noimil to the « clip! to 
plane, consists of the sum of — the lesolvod put of the Euth’s uid Moon’s itti i< lion 

(which is — — sin 1 01 — cos i 1 sm 1), — and tlio clistuihing font Z And, tin u fon 

(zf) = — jj- cos 2 1 sm 1 + Z And tho equation ( 6 ) of pago / o becomes — 

+ (p tan 1) + j cos 2 1 mu 1 -2 = 0, 

or -j^R + 8p) (tan L + sec” L 81) J- d (jj- — jp <5p) cosM ,sin 1 

+ y* (— a cos L d 3 cos ’ L) 81 — Z = 0 

Or, as in tho foimoi instances, — 

+ sr(*“» L ) + all'tan Tj) H tnn L d dl 6p 

^+i(R sec ° L) SI +»J(R see 2 L) V I 11 ^ ,J V l_ o 

— j|i cob 2 L sm L S/J + (— 3 cos L + 3 cos 1 L) SI 

- Z 

w ^ 

The values which wo aio seeking, foi S p, S«, and 81, as piortuct d by external actum, me 
evidently founded on tho valuos of P, T, and Z Tlioic is s single conslanl (i un m P , anti ail 
other parts of P, T, Z, aro cxpicsscd bypmodical toims sinisoi tosintsol vauous nmlh}dt 
of the time , and those m all algebraical ti eatmonl, an ibsoluti ly md< pi ndt ill l( is ( li ai (lit n 
that any one of theso toms may bo treated withouf wtitmg down my othei leim , and il w < 
assume that a teim of P will bo oxpicsscd by A cos nil, and (m eomiixuin with it) tltnf 
T will be oxpiessod by B sm ml, and Z by C cos mi then this txpitssions Jm ty, f ),<, t,\, 

and oveiy teim m the algcbiaic opciations, will depend on cos ml and sm mi and const mis 

connected with them This considciation mtioducos gnat snuplit lty into all tin expustnun 
Foi, as tho values of R, V, and L, which wo have occasion to use, will not eh p< ml on Ml, oi will 
depend only on teims so faa advanced in the senos that they ncvoi could t nfi i into e onsnh ia< ion 
with those which we do retain, wo havo no need to use any pen iodic turn m the t \pansions of 
the fictors of Sp, 8u, 81, and may confine ourselves to the fust toms of tho sc lie's winch cvpi esses 
each of those factors Thus, 

for each of the following symbols wo may substitute i , 

R R 2 R R a R cos L R scc 2 L cos L cos * L 

And we may consider each of the lollowmg = 0 , 

dp 8111 L a Tt ) tan L ^(tan L) —• (tan L) ^ (R soc J L) (R hoc j Tj) 

cos 2 L mu L 
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The foimulac, are given m this shape, foi establishing, when debired, the connexion between the 
points now undei consideiation and the pumary investigations of the theoiy We must now 
piepaie accuiate expiessions for the forces to be employed on the now investigations These 
forces, it is to be lemorked, aie not modifications of the foices formeily treated, but aie the new 
foices depending on the oblateness of the Eu th, not foimeily taken into account, and the 
expressions will be earned here to a gieatei numbei of decimals 

With these we now piocepd The amount of calculations which the investigations have 
required is gieat, and it is impossible to exhibit the entire details 

As legards the notation employed, it is to be remarked that— 

The loman R, T, Z, L, aie not ftuther used % 

The ordinary italics JJ, 7, Z y will be used generally tor forces in the duections ot , radius 
piojected on the standard plane, direction tiansveisal to radius, in the standard plane, 
and direction noimol to the standard plane 

wand Tit are indiffeiently used foi Moon's mean longitude 
v is used for Moon’s tiue longitude, and x foi Moon’s tiue latitude 

* is used foi the length of the Moon’s laclius vector, and p foi the length of pi ojection of the 
radius-vectoi upon the ^tandaid plane 

Othei symbols as m the Tables ot Section II (In the last lines of page 144 , the lettei H his 
been inadvertently used foi v, ) 

The first step is to exhibit the expiession of the various powers and combinations of-) and p 
The numbei s for ^ have been given in Section II , but are repeated here foi convenience 



1 <S 


NUMMIIUAL LUNAR, THEORY 


Numom il Values ot Combinations of Powers at } and p 
All the mil a bon in to he f 1 1 * iti d o,s Avliole-numbeis and to be multiplied by io -1 


J u tuts ioi 

tvu> Senes 

(.*011 hint 

Cosmt 

m | 

t 0 mi 


(\) itu 

| * U 1 

( Vnu 

l*il 

lusmt 


( osim 

f % 1 ) - s | 

l\> 

| * 

( 0 S 11 U 

| 7 -M 

(Mstm 

1 »\ 

( 0 mi 

| h- s \ 

( 11 1m 

l*MI 

t 'osim 

no 

( OMTU 

1 4 1 

l*o me 

1 s 1 

(os 


( osim* 

1 * wTTT 

( osme 

1 4 u-TC f 

(*t> mi 

| a />— zt | 

Cosmi 

| | 

(V>H 

| * f> bl-S 1 

( ‘osme 

I 7«7 

Cosmt 

1 wrr 

Cosim 


Cosmo | z l~ S | 


Subjects of each Senes 


- u - 14 — 17 

- s - 10 — ia 

1 Kj f lo I 44 

I la l 17 1 

- 1 - * - 6 


4 ~ ~ * 

7 I ti f x 5 


1 It 1 1 « h 



i 10337 + 9995 +10006 -^ioo 3 a +10075 +10049 +ioo 33 

t 3915 — 543 — 1084 — i 6 a 3 + 2189 + 2147 + 2136 

“+■ 820 — 96 — 188 — 276 + 434 + 417 + 435 

* 716 - 75 - 145 - 210 + 368 + 373 + 366 

I 532 — i 5 — iS — 1 + aio + 211 + M io 

i 173 — 4— 4 0 ^ 67+66+ 114 

t- 41 — 5 — 11 — i 5 + a 3 4 a- — 25 

I 34 — 4 - 8 — 12 + 18 — 12 — i 5 

h ai — 3 — 6 — 9 + 12 + 12 + 11 

— s 3 i- 3 + 5 + 7 — i 3 — ij. — 16 


5 + 7 — 11 - 12 - 4 

o o — 10 — 12 — 17 

o - 3 + 20 + 19 + 16 

0 + 1 + 14 + 7 - ia 

3 + 5 — 5 — 4+ 3 


7 + 1 + 


9 + Hi 


\ 11 


3 h 6 1 - 4 + 


i + a + a - 


9 “ 7 + 


6 + 18 + 3 4 + 33 H 3 a + 3 o 







ScenoN XI teems produced by the OBLAiraLss or hie earth 
N unicncil Exp \nsions connected with v 

All the numben aio to he tieitcd is whole-numbers and to bo multiplied by 10- 


Foi CO 5 ! V 



Foi cos i sin t 


+ 9969 cos | u | 

+ 547 cos | ?/ + / | 

— SSi cos | u—l | 

4 108 cos | ?/ + 2 £> — / ( 

— 1 14 COS pH — Z D H f | 

+ 04 cos IT7T277 

— 52 COS | U—zJ) | 

r-2. 

4 * ^4 t os [ It I a / I 

4 cos | tt — l | 
f 9 cos \ 7 iCil)*T\ 


4 00s 1 7/ 7 T 27 ^"V | 

4 cos I ?/ — 2 1) 1 S | 

5 cos | in a 77 — 

5 cos |7*-2 j> T /TVj 
S cos | m 7 /— S | 

3 cos |V-7 i- S | 

3 < os | 7 h D I 

3 cos | u—J) |' 

4 com \ n + 1 + S I 


- cos 

16 cos | n 1 ~| 

16 cos | ?/ — S'| 

II COS fw-2 2> + af| 
10 cos 1 7H a j p 
10 cos | It -ay | 


+ 9969 sin pM ] 

+ 5 17 Mu \u+r\ 

- 55 1 sin | 77 — 1 1 

H 108 MU |?/+I/JZ/| 

- 114 Sin I ?/-a l) \ l\ 

4 - 64 sill I 7 M a /J I 

- Si sin | u-i ]) | 

* ^4 sin |i/ia/| 

- 1 ni | w-a/ | 

I 9 in I // » a 7/1 / I 


4 4 mh 177777 - S | 

- 4 sm Pk -2 77 j S | 

I 5 win | w + 2 77 - 7 - S | 
5 sin | 77 l 7 h s | 

I 5 sm |"wT 7 - S | 

- 3 sm | «-/ 1 S | 

- 3 sm | 7/177 | 

H 3 sm | w -/;| 

- 4 mu (in riV| 

4 sm (T/l/'Ts | 

- 1 6 win | t/T 7] 

4 16 sin | v — S | 

~ 11 mm 1 7/— a onr] 

- lo sm | u \%j | 

H 10 Kin J «-ay I 


4 * 1.93b cos 
b 54a cos 

— 5 So cos 
f 104 (os 

— 1 1 <3 cos 


I- 70 cos 

- 46 cos 

1 49 <-os 


7 u ! f- 4937 sm 

~ ? *4 ^ | + 544 sm 

*“~l\ " - SSo sm 

?t + a D— I 1 f 104 sm 

~iZTTJ 7 T\ - n6 sm 


- k I - 77 I 


- «1 a l | 


— 16 con 

4- x6 (Os 

~ 17 COM 


| aT- 7 l 7 + a? | 

i~rrn 

l s«-i /7 

| a U I 1 / | 

| »«- V | 

fa it i (. I)~l | 

| a «— 4 D 1 / 1 
| « w H 2 77 — a 1 1 


* 7 ° sm 
~ 46 sm 


« I - D \ t | \ 

7 | 1 

7 ( \ 2 U~ S | -| 

- h- 7 d r s] - 

-«rZ? 7 - 7 -S| H 

iiTZT/Jrl \ 5”| - 

awTT^Vj I 

‘^ 7 , S| 


2 7 / - 77 I 
W f / | S | 
7 /-/- S | 


2 7 /- 7 | 

- «T 2JJ-1 ) 

2 U — zljl l | 

- 7 M 2 2T| 

7 ?/-z D I 

TwTTTf 

T7-T77 

i~i> 7 1 1 

a ?£ —-"2 Z 7 — 7"| 

"sTSTiT &- s | 

T?/ — 2 7 J 1 S I 
2 n - 7 - S 
a w--X> r/ 4 ~S 
I /- S | 

faw-Z^ S'| 


2 7 /-/ 7 ~| 
2 7 / S / h S 


fa?/-/- 


p- 16 sm 


I -w-aZHTTl 
|~ 1 h~TJ 
I r 


aw+3/ I 


— 6 sin I 2 k + a 7/Z^~ 


2 
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NUMERICAL LUNAR THEORY 


Nmneiical Expansions connected with z 

All the numbei s ne to be treated as whole numbers, and aie to be multiplied by 10 1 


Fot z 

3? or 

Brno |7T 

X 

+ 

896 

Constant 

X 

+ 

40 

Bine |/+/ 1 

X 

+ 

25 

Cosine | 2/ 1 

X 

- 

40 

Sine |7=T| 

X 

- 

73 

Cosme | z/+ 1 | 

X 

- 

2 

Sine | 2 D— f\ 

X 


33 

Cosine | 2 /-/ | 

X 

+ 

7 

Sine | 2 D+f—l | 

X 

+ 

5 

Cosine l 

X 

+ 

5 

Sine | 2 D—f—l | 

X 

+ 

12 

Cosine | 2 D [ 

X 

— 

3 

Sme | 2 D +/ 1 

X 

+ 

2 

Cosme | 2 D—zf \ 

X 


3 

Smo ]/+2 l | 

X 

+ 

1 

Cosme | zl)-zf—l | 

X 

+ 

1 

Sme | 2 V-f+2,1 | 

X 

+ 

1 

Cosine | 2 D— l | 

X 

— 

1 

Sine I/-2Z | 

X 

- 

J 

For J 




Sim | 2 D-f- S | 

X 

+ 

2 












Smc | 2 J 3 -/+ b | 

X 

— 

J 

Sme [71 1 

X 

+ 

5 

Sine | iD-f-l-S] 

X 

+ 

1 J 

bme | 3 J | 

X 


2 


The numb ns oi the last thiec tables contain all that is neccssaiy, when used in connexion 
with the external factois, foi completing the numerical values of the toims on page 144 
Without attempting to exhibit the mass of figuies employed m these calculations, I now give 
only the results foi each of the quantities called ( 5 ), (C), &c, to (?) It will be lemarked that 
the numbei s m the piecedmg long columns have all been given to the 4th place of decimals, 
and the factois at the head of the columns which now follow aie given to the 10th place of 
decimals On 1 epeatmg any of the multiplications, it will be immediately seen that the products, 
as exhibited below aie foimed to the 14th place of decimals of uni ty 


{ 


&LC1I0JT XI rERMS PRODUCED BY OBLATLNESS OI 1HL LARTIX 151 


Ex'ptebSion of the Foice R acting on the Moon m the dnection oi the projection oi Radius Vectoi on the 

Plane of the Ecliptic — completed on next page 

Eich product of numheis is to be tieated as a whole-number, and is to be multiplied by xo -11 





Heading (jB) 






Heading ( (J) 





Co efficients, to bo multiplied by - 

1 388 x io - 10 



Co (jficicnts, to be multiplied by - 

3aoi x io- w 


5o5b 

cos 

FT 






446 


r « +7 1 





4 

+ 

2 

cos 

1 2 74—4 D + l I 


sm 

S 

IS 

sin 

1 7642 J)-l+J | 

1 + 4975 

cos 

| 2 U | 

| a u + 1 | 

— 

17 

cos 

| a 11 + S I 

— 

453 

sm 

rti* 

- 

10 

sin 

\u-%D + l^\ 

4 

IOoo 

cos 

h 

1 - 

cos 

I 2 71— A I 

4 

98 

sm 

1 n+l +/ I 

- 

9 

sin 

1 Ti 


3 

cos 

| 2 v— i | 

4 

5 

cos 

[ 2 7644 Z> — 2 L j 

— 

48 

sin 

\lt~-l-J | 


17 

sm 

| w \ a l) t / I 

4 

208 

cos 

| + | 

— 

9 

cos 

I 2W-2 X>42 / | 

- 

So 

Sin 

l* + WI 

- 

8 

Sill 

| i-TljZj 1 









1- 

S 

sm 

| u-\ TD~j | 

4 

n 

sin 

\~\r 2 / TJ I 


8 

cos 

[ 2 «-2^ + / | 


no 

COS 

I fcKH a J I 











~ 

JO 

Sill 

1 U-zJJ+f\ < 

- 

4 

sin 

1 trr* /^/| 

+ 

4 

184 

22 

cos 

cos 

| a u 4 a D [ 
fa m— a I) -| * 

4 

ro 

a 

COS 

cos 

j zu—zf 1 * 

1 2 ..+„7+n 





4 

3 

3 

sm 

bin 

| v + z V Tl+t~\ 

| in * l-t 1 

+ 

160 

cos 

| 2 n 4 a l | 

4 

8 

cos 

1 a 76 4 2 l | 









+ 

4 

cos 

| 2 16-2 l | * 

4 

3 

cos 

| a 76— a — 2 V | 









4 

5o 

cos 

| a u + a JJ +7 1 

4 

a 

COs 

| a iTT4 V I 




Heading (Z>) 



4 

3 

cos 

| a ?/ — a U~T | 

4 

1099 

cos 

m 












| a w j 2 V ~ S | 






Co (fin unfa* to bo multiplied bv - 

d.383 x 10 -w 

4 

5 

cos 

4 

aiS 

cos 

i-a-'i 









— 

S 

cos 

| a u — a D+ S | 

4 

186 

cos 

rnri 









+ 

S 

(OS 

| 2 m+Td~j~s*| 

4 

JO 1 ) 

cos 

|— 1 

f- I 0074 

COh 

1 ° 1 

j- 

33 

(Os 

| .li-%1 1 * 









I- 2198 

COh 

rn 

— 

1 

cos 

1 *■»-»./ 1 
|"4 | 


5 

cos 

| a 74 — 2 U + 1+ S | 

4 

34 

cos 

| *D+T1 

4 

43o 

cos 

\~Z n-l\ 

4 

8 

COs 

4 

S 

cos 

| a 7t + /- _ S | 

+ 

10 

cos 

1 3T1 












4 

36 7 

COS 

l*"l 

b 

11 

cos 

\zT)-\ */| 

“ 

4 

cos 

| a ?<— /+ S | 

— 

6 

cos 

1 *y-* 1 

4 

2 X 0 

cos 

RT 

4 

fi 

cos 

[4^| 


3 

cos 

| iu + l> | 

4 

6 

cos 

h •*>-*] 








+ 

3 

cos 

| a w-ZJ | 

— 

3 

cos 

1 zi)-i+ s.f 

H 

67 

cos 

| a 1) 4/ I 

•J 

4 

cos 

| a JJ-fi r I 









4 

19 

cos 

(TIT 

4 

a 

cos 

R| 

— 

7 

COB 

| a W + /4 S | 

4 

17 

POS 

| zV-zl 1 












— 

II 

cos 

1 1 





4 

3 

cos 

| aw-/— S | 

— 

a 

COh 

fa IT- *y | 
















4 

12 

COh 

1 4li-l f 





_ 

3 

cos 

| a v + a /- 1 | 

4 

4 . 

cos 

1 ♦/»-*/! 












T 

4 

5 

POS 

f To-t+ s'| 





4 

19 

cos 

| 2 w + 3 / | 

4 

6 

cos 

| >Z) + W| 








+ 

9 

cos 

| a n + 4 ZJ— / ( 

4 

a 

cos 

|TW- 3~f| 










* The tennis to which an asterisk ih attached are used in further calculations 
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NUMERICAL LUNAR THEORY 


Eovpiemon of the Foice R acting on the Moon in the duection of the piojeofcion of Radius Yoetoi on the 

Plane of the Ecliptic — oontmued and completed 

Each pioduct of numbers is to be tieated as a whole-numbei, and is to be multiplied by iq - 11 


Heading (Jfi) 

Heading (i 1 ) 

Co efficients , to be multiplied by + 3471 x 10- 10 

Co efficients , to bo multiplied by I 1600 3 x 10 - 1,1 


+ 5 oi 3 cos o 
+ 4954 cos | 2 u | 

+ I 08 l COS | 2U + ! | 

— 5 cos | % u—t j' 

+ 107 cos ] - w + a D—l | 

— 9 cos fa V— 2 D + 1 | 

+ 18 3 cos | %u+z JD | 

+ aa cos | 2 a— 2 JD\* 

+ iSS COS | 11i + 2 l | 

+ 3 cos I 2u—zl\ * 


— 17 cos | att+ I 

+ # I7 cos | 2 u — S I 
+ 4 cos | 2 w + 4 J 5 - z i 


— 10 cos 

— 10 cos 

+ 10 cos 

— 2 COS 

+ 3 cos 

+ 7 cos 

+ 5 cos 


+ 49 cos I a« + a.D + Z I + IO j3 C08 


+ a 009 | JJi-iD-; | + 213 cos 

+ 5 cos |a« + aZ)-S| + ,g 4 ^ 

5 cos | iu-%D + S | + I0+ oos 

+ 5 cos | att + aZ)— Z— S | + 33 cos 


| 2 M — 2 X> + 2 Z | 
| 2 + 2/ [ 

| a«-a/| 11 
| 22i + 2/*+Z | 

| 2 W+4 / | 

|Tw + 2Z> + a/| 
[ a m + 3 Z [ 

m 

\zD-l | 

IT^T 

irn 

I aD+i 1 


5 oos | a w— a-ZJ+Z + S | + i 0 

8 cos | aa+Z + S | _ g ws 

4 oos | m-i+S | + 4 coa 

3 cos | aw+X> f - 3 oos 

+ i 5 cos 


+ 3 cos | 2 v— D | 

” 7 cos I 2U + 1 + S 

+ 3 oos [ _ 2M— Z — 5 

- 4 cos faii+2/-J 

2 cos fa» + »/+l 
+ 19 COS | 7 t£ + 3 Z | 


+ 4 cos 

+ 3 cos 


| 2 JJ-l+s | 

| | * 

fi-D-a/l 

| 4-IZ— 3 Z | 

| a JJ + aZ | 

ITTT 


+ 467 sm 

— 472 sm 

+ 95 &m 

— 48 sin 

— 49 sin 

+ 4 sm 

— 11 sin 

+ 19 sin 

— 9 sin 

— 10 sin 


w +/l 
H^TT* 
VJ + Z+/I 

«-*-/ 1 

u+l-J 1 


- 2 sin | m— 2 U \-i+J | 

+ 16 sin | 1 hT 77 T 7 T 

- 9 sm |?*-2i/>-/7 

- S hin | Yi-a 1 -Jf 

+ 2 sm | 7777 ; (■ /— y | 


? 7+2 i;— y | — 

i7- 2 x>h/ I * — 

u + z D—l +/] h 

75-2 XN Z-/| 
w-j z D—l-j | 


2 Mill I M — « D — l \ j 
5 sm | v \ %l—J | 

3 sm 11777777777 


Ilcadvnq (Cr) 

Co effluents to he mnltiphc cl by h 18446 x i 0 -i" 


+ 40 cos | 0 I 


9 com fTf 
2 cos | aZ>-Z | 

1 cos fZT| 

1 oos fTTf 

I COS (7.0-2/ | 


I OOS | 2 V~ 2 , f -/ | 

I COh [2 U I 2j- f\ 
40 COH [77 1 

S COM iTJITj 
I COM | 2 0 H/ | 

4 com I / fT/ | 


* The toms to V koh an astensl „ attached arc nsed in ftirthei calculations 
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Expression of the Foice T icting on tho Moon m the diiection in tho Plane of the Ecliptic, at light nigh s 

to the piojecfcion of tho Bidius Vectoi —completed 

Each pioduct of nnmheis is, to ho tievted as a whole-numbei, ind 19 to be multiplied by 10" 11 


Hiadmg (H) 

( 0 (JJtticnt » to bo multiplied by + i388 x io- 10 


Headmg (i) 

( 0 (JJiuuits, to be multiplied by + ?2oi x lo- 1 " 
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NUMERICAL LUNAR THEORY 


Ea/p'i e88ion of the Foice Z acting on the Moon m the dnection noimil to the Plano of tin 

Ecliptic — completed on next pctge 

Each product of numbers is to be treated a whole-number, and is to be multiplied by ro" 1 


Heading (J) 

Heading (.ST) and (/) 

Co efficients , to be multiplied by - 3 101 x io- 10 

Co efficients to bo multiplied by — 7378 for (A), ( 0 <fficunti to 
be multiplied by - 4383 for (/), each x 10-™ 



+ 198 cos | w + a l I 

+ 42 cos | u— zl I * 

+ 61 co* I u + zD + l I 


+ a cos | w — 4 D + it\ 


16 cos « + 2 X>-a 


+ is cos | u-- I> + a 1 1 
+ - 00s | M + 2 D-3 1 1 

+ 2 cos |V- 2 Z> + 3 l I 


+ 901 bin | / 1 * 

+ 146 sin I l+J | 
- So sm | | 


+ 

2 4 

sm 

1 *y>+yi 

+ 

17 

sm 

|ai+71 

+ 

3 

sin 

I lUTl^T\ 

- 

2 

sm 

rr=r\ 

+ 

2 

bin 

1 3/+/1 

+ 

5 

Bill 

1 77^ 4 / +y | 


Heading ( M ) 

Co ifficients to ho multiplied by 4 3471 x 10 


+ i5 cob | u—iD—l | 

+■ 5 cos | | 

5 cos I k — x D + jS I 
-I- 5 cos | u + iD-l-b 

- 5 cos | u-zD+l+S j 

+ 7 cos | M + f-S] 

5 cos [w— Z+S | 

- 3 cos | u + D | 

4 3 cos | «— D | 

- 6 COB I M + Z+iS I 

+ 4 cos | w— /— 6 | 

“* 6 cos f W + 2/— l | 

4 cos f*-a/+r| 

+ *0 cos f5+m 

+ 4 cos fi-sn 


— 10 cos I M + 2/1 

+ 10 COS | U- 2/1 

+ 10 cos I U + 2ZI + 2Z I 
+ 2 COS | U -2 J>-2 Z | 
+ 2 COS | 7 l + 4 / f 

“* * COS fii + 2 D—1+ iS | 

— & COb |m — 2 X> + Z— £ 

+ 4 COS I H + 4D [ 

+ z cos fw-4.D I 


+ 220 Sin I 2 u+f | 

— 224 sin | 2 u— y | * 


+ 60 sm 

— 9 sm 

— 36 sin 

— 1 3 sm 

— 7 sm 

+ 1 1 bin 

— a sm 

9 sm 

— 3 sm 

+ 10 sin 

— 3 sm 

+ 9 sin 

— 3 sm 


zu+l+J | 
zu-l^f | 
2 w + Z-y | 


zu-l+J | 
zu-zD+J | 


+ 3 Bin 

H z sm 

+ 449 Bin 

+ 74 hiu 

*■ 73 Bin 


a « f-i 1) !»/ + / | 

2 M -2 -/ | 

y r 

"'+yT 

wi 

1 

Tz> + y| 


2w + 2"i>^+/| - 3 sin | 2 V~l-J 

zu-zD~+l^J] + i3 8in|Tz>+y| 

zu + 7,1 )— /-/| + 10 sm “| zl+f\ 

2«-2i7+T+/| + a am \xD + t-.j\ 

^M+aZ>+/| + 9 am j 2 Z— y| * 

Ym-zZ>-/| 

2 u + 2 / +y j 

Tw+TT^/l 


^ 1 

* The terms to which an asterisk is attached are used m fiirther calculations 
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Ea^nmwn of the Foice Z acting 


on the Moon in the dnection noimal to the Plane 
Ecliptic — completed 


of the 
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NUMERICAL LUNAR TllKOlU 


Relations pji wei n Tin vriu Smaii Iannis <>i Lov. I’udon in i hi I’i vm iu'viui 
ro the Eclipiic, and i in Pi muriiauons min 11 inn lumim in mi M*»»n 
Place 


We shall now consult! the eftccl which llu (listmlmi*, lnm will pnutm i mi (In utln. ><l 
and v (the oclaptie ladius voctoi and Lite longiliulo ol tin Muon) inuilhit ' lm tin pi. mil 
the latitude, and the small t fleets ol the latitude on (In p. if uihnlimi ol p uni \\ * 
shall suppose 22 md T cxpicssed (by t \pmsion ol llu tpiudilnt Iti ( 1 1 \ Imuml Inloii mtiu 
duction of the terns of oblatcncss) m < osini s and sum ol mullipli , ol llu huu , ml In in in I 
is the (ganoial) ai gum out ol coin spoudin,, loins m It and T md H mm ,„t md / nn ,< > 
beingthe comsponduig paits ol Jl uul 7', ipplymg (o any on. ol Hum funi \«d \i it limit 
lefeirmg to the ougm ol the pi limitation It iuh wt It ill toititlii I In Vmm uilol i Imnlt 
mentally a cuelo (neglecting ill find dhds ol uuidiitdy md ollui < |. lit* id , im. t n I. tin 
speoiol inquny), tlie intlvus ol the nidi lit me, = i (In stun tmtl ol hn Hi ippt\m A • lit. 
crnve of the cnclo (thus mstc id ol i" wo may ust ooooo |SjS) llu c. nli.d m i . . i uni lh 
undistmbcd velocity of the Moon in lougdudo oi n, — t Weslt ill ton id< i i u It m w nn .pmlilx 
of the Moon’s motion, which is supoi post d on that iunthtintnlal t tit id u inulioii a d. p. tnlin ..n 
the Bimo aigumont ml on wlueli the pw Lulling taints dope ml , md \\< .Imll lotut tin ..pi until 
by assuming algcbiaicil ONpiessions lm tin Moon’s diipl irnut nl , tn p ami / mid tiudin «1, u 
must bo the numeucal \alnes ol Lho tvkinil lout W <m m d 7 m . mt wlmli will 
pioduce thorn And lluuco, by oidmny iiuiuum ol tijinlmn. \\. hull min (In nnnuinil 
values ol the peitmbitions ol p md r, wind) will lit pioduti <1 l>\ , t\. n \ dm ol uni 1' 

Now ll the distill b,ng force, w host dints \vt ut tousidtim , did nut mit (In . It un ut ..l 
orbital motion would hi p (im 1 ulius vitltu), md n m «/((!» tn>h m >.(• I,> „ w ui, th, „ , 
of V) The oidinaoos ol i point on Ut it tnidnluilud mini would In , . / , lt 

oia =p sm W,i/sa p oos Til, and, (oiisidtuiig p - i,nml tin* Lull. .dtiulu. h.m m 
that distanco =s. r, tht force m a would In sm „l, and dial lit ;/ would I.. ... „l II.. di hub... 

foice now imdoi consideration may be upitst ultd (Ini tin im.iuuil ouh . Iw / m d m . uh ih 

aiis ol y the angle mi, and thaeioie making with p tlio atigh | ml ut | , and tin u l ,i ,i „ j 

modified by o thei consideiations, piodutmg in p t lout F . o | „f j , , 1)((I 

F sm i mt — nt \ , 


Jndgmg fiom an dogies of otliei lunai turns, d upp. uh not mipi.ilubh tint a di im) t lH , , > 
the length of the ladius voctoi may he trussed by comm ol llu p, ,,m|.t .1 nt ,n l t ,m I 

(on which tho immediate cause ol poitmliatiou dipondH), uni Hi U i distml. inn’ turn , t) t, »j.» 
mdiusvectoi may depend, posubly with a tltflt unt co «H,«„„t, (h, „| ,|„ ,m«. „r 

We shall uso the letters p and q ft u tluse two co efltti. nt, Tin mv. sligatimt tlm, nd,. th 
rollowxn^ ioim — 


Using x, y, p, and v, loi the undistuihed plact of the Moon and > , a „,j 
as affected by the new foice, 

® -P ^v>V = P cos o, d = / sm /' ,/ -- p> (li H . 

P' = P f V cos | ml - nt [ , 7 .' = m., suit 1 | - „t - 


UiX (Im j*t * \ * 



Section XX equations or the moon’s mo i ions produced by tux oblaiiniss 

OP THr PARTTT * 

an (/ = srn t; + j cos v sm \ mt - nt j = sin [W\ + q cos | iF| sm | mt - rt/'j , 

C 08 if = cos v-g sm „ sm | mt - nt | = cos |lrf | _ q B m [nt | sm | inf-'nt | . 

These and the following investigations ne limited to the hist powei ot p and </ and oi their 
resultant teims 

P will be consideied = 1 



a, _ sm | nt | + * (sin I mb | - sm | mt - int | ) f J (sm | mt \ + sm | mV- anT| ) , 

= sine [W\ + g + ■*) sine |^T| - g - J) sine |1^T- i wt | , 

— n 2 sin | nt | 

(f + f) «n | mi \ 

_ + (f - f) («*- - a^) 2 9in [mb - ant | 
y’ = cos I nt J + £ (cos | mt | + cos [ mT-~mt | + '' (cos fmf| - cos | mb ~ inf\ ) , 

= cos HiTl + g + fj cos | mt | + g - 3 < 0 s | m< | . 

n 2 cos | nt | 

t/ = < - 6 + 3 «»’ 1 1 

(r “ 3 ( ?,i ~ aw)’ cos | mb - Hit I 

Thee evpies&ions lepiosent the entuc An cob winch mo acting on the Moon m the dn odious 
x and y respectively 

The foice arising from then combination, voting in the dilution paialhl to the nndistmbed 
radius p (which mates with y tho angle nl), will he, — 


+ bin ]“o77 | I cos | nt | -J\ 


or, — ?? a 


■6 + 3 


m 2 


mb nl 


oos | mf- ni'\ - g _ l) (m _ iV y CoH , 

01, - n 2 + {p (- m 2 + a mn - an 2 ) f j (- amt? + an 2 )} x eos I mb - >u I 
and this maybe received also as tho espiession Joi the ontue foici along tin ictiml ladms 
ctor, complete to the fiist 01 dor of small quantities But a pad oi this lom is the 

gravitational attraction townds the Eaitli, oi - , wluoh is oqiml to - » 

Z ~ ** + ™ {mt r nt 1 Subtiactm S thl9 from the expiossionioi IntiL^Xmco 

there remains for the disturbing foice in duection of echptie ladius-vecfcoi,— 

{p (- m 2 +.amn — 4n 9 ) + q (— arnti + an 2 )} x cos j mT^ nl | , 

and this is the complete espiession for R, or R' cos | mf-lti | the lodnl foiu which is 
lequired m order to mamtam the supposed motion 


l>b 2 
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The force which is acting at right angles to the ecliptic radius- vectoi is, — 

cos ran U~ am r*n % 

tending to accelerate the Moon s motion This is found to be, — 

- (| + i) m ° si n \rat- nt\ + (f - fj (to - a») J sin \mt - nt\ , 

or, {p (“ wm + 2% 2 ) + q (- m’ + irmi - x sin [mb — Hi \ 

But the foice in the undistuibed ladius-vector, which we have deduced fiom the expressions 
above, is not the force m the true radius- vector which connects the distuibod Moon with the 

Earth’s centre, but is the force defined by the formula sin ^ + cos |1^"| £2 <in ^ 

acts, theiefore, in the hne defined by sm [W\ and cos \HT\ that is, it acts m the line parallol 
to the radius drawn from the Earth’s centre to the point which is distant fiom the Moon, m 
the direction transveisal to the ladius vectoi, by — q sm | mt - nt | And this mtioducos, 
mto the expression for disturbance of longitude, the eiror - q sin [mt ~nt | , and this 
enor must be correcte d by introducing into T the addition + q sin [mt nt | 01 

+ qn* sm | mt - nt | , {v? being = i) The foice tending to accelerate the Moon’s motion 
is, the] efore, — 

|p (- inn + an*) + q(-m* + a mn — n 2 )^ x sin \mt ~vt | , 

and this is the complete expression foi T or T sm \mt-nt\ , the tiansvoisal foice which 
is requned to maintain the assumed motion 


These expressions foi R and T apply equally well, both symbolically and numencally, when 
the sign of m is negative 7 

Adopting foi the tutuie the \alue n = i, we have now the two equations,— 

E ' =P { ~ 3 ~ (i - m) 2 ]■ + q - am} , 

T ~P {* “ - q |(x - m) 2 | , 

fiom which, p and q aie to be deteimmed m multiples of R' and T by the oidinaiy process foi 
Wo simple equations containing two unknown quantities In the preceding operation Iml l 

quantities, which, m apphcations, multiply sines Foi a number of values of 5 abundantlv 

trr iT' “ ppho “ ,om ' 1 *” “ mpu ‘ 6d “ d s ° taa - : 

ww, a. m a, Momng TlUs It ^ lmMked ^ M iU ^ 

the numbei of geometrical lunations m which the distmbiTin fn j 
“ through its period ’ It is also to be noticed that the wmmvbwTtirito « oos 

1 *. - — -ft “ 



S LOTION XI EQUATIONS OF THE MOONS MOTIONS PRODUCT D BY 1HL OBIATLMSS 

OF THL EABTH * ™ 


Computations of First and Second Tables o£ numencal values of p and q foi given numeiical 

values of R' and 2* 


Fust Tablo, for computing p and q when m is positive 

Second lable, tor computing p and q when m is negative 

Comp 

utation of Values of p and q By Bums of Multiples 
of given Values of R' and 7 ' 

Computation of Values of p and 
of given Values of 

q by sums of Multiples 
if' ana 7 ' 

Values 

of 

Computation of p 

Computation of q 

ValucB 

of 

Computation of p 

Computation of q 

» 

m 

F actors of 
if' 

I actors of 
T' 

F actors of 
if' 

Factors of 
T' 

n 

m 

Factors of 
if' 

Factors of 
T 4 

Factors of 
7 t' 

Factors of 
i' 

4 i 

4 z 

+ 3 

+ 4 

4 S 

4 6* 

+ 7 

4 8 

+ 9 

4 10 

- 0 33 

4 i 33 

4 1 80 

4 2 29 

4 2 78 

4 3 27 

+ 3 77 

4 4-7 

4 4 77 

4 5 26 

0 00 

4 5 33 

4 5 40 

4 6 00 

*■ 6 9 + 

+ 7 *5 

+ 8 79 

+ 9 75 

4 10 72 

4 II 70 

0 00 

4 5 33 

4 5 40 

4 6 10 

4 6 94 

4 7 85 

4 880 

4 9 75 

4 10 72 

4 II 70 

0 00 

4 17 33 

4 i 3 95 

4 14 48 

4 i 5 80 

4 17 41 

4 19 16 

4 20 99 

4 22 85 
+ 14 76 

— 1 

— 1 

— 1 

: t 
- 6 

- 7 

- 8 

- 0 33 

- 0 80 

- 0 29 

- I 18 

- 2 27 

- 2 77 

- 3 26 

- 3 77 

- 0 33 

— 1 07 

- 1 93 

— 2 84 

- 3 79 

- 4 7 * 

— 5 72 

— 6 70 

- o 33 

— i 07 

- i 93 

— 2 8(. 

- 3 79 

- 4 7 S 

— 5 72 

— 6 70 

- 0 58 

- 1 87 

— 3 46 

- 5 19 

— 7 01 

- 8 87 

— 10 76 

— 12 62 

4 20 

4 3 o 

4 4 ° 

+ So 

4 6o 
+ 70 

4 80 

4 90 

4 100 

4 10 26 

4 i 5 25 

4 20 25 
•i 25 25 

4 3 o 25 

4 35 25 

4 40 25 

4 4$ 25 

4 So 25 

4 21 59 

4 3 1 56 

4 41 54 

4 5 l 54 

4 61 53 

4 71 52 

4 81 52 

4 91 52 
4 X 01 52 

4 -I 59 

4 3 r 56 

4 41 55 

4 5 i 54 

4 61 53 

4 71 52 

4 Si 52 

4 91 5 2 

4 IOI 52 

+ 44 35 

4 64 2 3 
+ 84 17 

4 104 1 3 
¥ 124 11 

4 I44 09 

4 164 08 
¥ 184 07 
4204 07 

- 60 

- *9 7 s 

- 58 53 

- 58 53 

— 1 1 6 1 2 

4 12S 

62 72 

4126 52 

4 126 52 

4 254 o 5 

— 125 

— 6(1 40 

— 1»5 52 

-iz5 5- 

-246 32 

4 25o 

4 125 25 

4 i 5 i 5 o 

425i So 

4 5o4 02 

— 25o 

-114 7 - 

--48 56 

— 248 56 

-496 36 


Om selection of the foims*, eos | nU - nt | and q sm | mt -~nt | was based upon know- 
ledge that the tenns to bo supplied for noutialising the iccogmsod inequalities (lesultmg fiom 
the assumption, in the ordinary Lunai Theoiy, of sphoucal foim of the Etith, and exhibited in 
the Tible of Forces above), must generally be such as would produce oosinet, for terns m tin 
radial dueetion, and avnes for terms in the Moon’s movemont paiallel to the ecliptic Theie are, 
howovei, several inequalities (of which two will ougago fuithoi attonlion) which lequne that 
the radial term bo a sme, and the term of ecliptic paiallol he a cosine For those a sop uate 
investigation is lequued Foi distinction, among toims gonorally sumlai, wo will uso tlio 
capital letters M, P, Q, m those places where m, p, q Lave been usod m the late investigation 
Let p’ = i + P sm | Mt — nt | , 7/ = nt + Q cos \ Mt — nt | 

Then, taking every step in the same order as in the last investigation, — 

New force requuod in the radial dnection = 

P x { — M* + %Mn - 4^} sui [MT- ~W] + Q x { + zMn ~ 3 ^} x sin [Mf^T\ 
New foice leqmied in the tiansvors'il direction parallel to the ecliptic = 

Px l + x cos [Mt - nt | + Q x j ~ JT + o,Mn — in 1 j x cos [MT^nt | 
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Patting R" and T" £01 the factors of the trigonometncal terms, and x foi %, wo must 
have, — 

R" = P x { — M 2 + aM - 4 J + Q x { + aM - a J 

T" = P x | i aJJf - a} + Q * { — + aif — 1 j 

And, it being understood that R" and T will be given m subsequent Tables, wo at o to mfoi 
from these equations the values of P and Q 

To ascertain clearly ft the natuie of the lesults which will be given by these formula}, I have 
solved the equations, and have calculated in detail, in the same mannei as foi tho Tables lately- 

exhibited, the numeiical values of P and Q foi the values of £ = 350 The result is, 


Thud Table for computing p and q 

Computation of Values of P and Q from giyen Values of fl" m bine* 
and T ,f m cosines, applying to one viluo of ^ 

Value 

of 

n 

m 

Comput'd 

Factor of R" 

ion of P 

Factor of T" 

Computal 

Factoi of R f 

aon of Q 

1 actor of / " 

+ 2 S 0 

— 126 

- a5i 

+ 2 S 1 

— 5oi 


Thus it appears that the factors for foimmg the values of P and Q are tho same numerically 
as those for the values of p and q, but tho signs nae changed in the first and fourth columns 
Theie would be no advantage in fiirthei attention of these calculations 

Heie P and R” are factors of sines, and Q and T aie factors of cosines 


We can now pioceed with the actual calculations foi selected teims 

Our ultimate object is to determine the values ofp and q where they aie so large as to be 
observable with astronomical instruments The collection of arguments {symbolical multinhl 
of t wrth tiien co-efficients} from which we must make a selectton, aie those of tho « Emrmion 
of forces R {including (B), ( 0 ), (D), (E), (F), « 7 ), each affected by its proper hoadim-f tm 2 
orce JR, in the direction of the Moon’s radius vector, and £ 

{including the teims (E), ( 7 )} foi the foice T, transversal to the radius-vector Both those 

b7tte m “ 1 ‘ ,plK, * m “• «*ough 
IMP^. Of the three table, *,1 el OT uetaetataly that, M tat the few foot Une, the 

zr** rr " ot ° f p * *■* *■" *> *■* - > . 

pertu^ to . or to the eo eta. of I » the e^otaeht of the perturbs t™, Beeno* 
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these points in mind, I have selected foi tual the siv following terms Tho - movements ” or 
multiples of t ! in each teim aac the tactois of the movement oi the Moon m longitude, and if 
as in other places, we considci the velocity of tho undisturbed Moon v> = j, tho “ movements " 
m each teim ue the numencal measmos of tho Moon’s movement m hei orbit To secuie 
therefore, with gieatcst piobibility, the terms of peitmbation which will be most conspicuous’ 

we must bring undoi oiu investigation those periodical turns in whoso ugimionls the co-eftcient 
of t is small 


Elomcnts of the selectod Aiguraents 


Oidei of Icim and 
Aigmnent 

Mo\emmt oi c icli p ut 
m I onptudi 

Movement of complete 
Ai^ument m ] on n itudu 

V duo oi £ 

No 4 | %u — | 

f 1 - 0000000 1 

L — 1 85 o 3 y 74 I 

t- 0 14960*/) 

l- 6 68 

No S | « 7 f — J | 

i 

j A 2 0000000 1 

1 — 1 9830960 J 

1 0 0169040 

A S9 i 3 

No 19 | iV — 2,1 \ 

I + 1 S 5 o 59 74 1 

1 — I 9830960 j 

— 0 i 326 qS 6 

— / S4 

No Si 1 air — a / | 

r 1 - 0000000 ■) 

l — 2 00S04 7 S J 

— 0 oobo] 3 S 

-124 32 

No 3 oi | a — f | 

f + 1 0000000 1 

l — 1 0040^19 J 

— 0 oojo*,i9 

- 64 

No 3 oi | u - TZ> T f | 

r + 1 0000000 1 

1 - 0 J 

\ n 1516-4S 

+ r> 


Wo may now select, horn the T dries which piccodt the last, llu multipliers luivuicd for 
doduemg P and q horn B! and T ioi * ich argument The* we slnll cdl tho “Orbital 



*01 ( omputntion oi p 

Jhm ( output itioii of q | 

Ai gumciit 

Orbit il 
lactoi of 7 ?' 

( hlntal 

I ictor oi / \ 

Oibli il 

1 ICUlI ol It' 

Oi luittl 

Jhictoi of J ' 

[ zii — 2 V \ 

+ 3 61 

S 8 +9 

■> 8 49 

A iS 60 

| 2tt — 2 1 1 

4 29 82 

4 60 66 

4 60 66 

v 122 37 

| z b - aij 

^ 3 So 

— 6 24 

— 6 24 

- 11 7S 

1 «< - o.J | 

l~- 7 l 

— 62 40 

4 124 6 

— 123 02 

— 248 5 i 

- 123 o„ 

— 24S ii 

- 248 0 

+ 496 + 

| « - iV Vf | 

— 3 72 

+ 8 jS 

4 8 3 S 

- t8 3 o 
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NUMERICAL LUNAR THEORY 


The results now exhibited aie those which we might properly expect from combination of the 
given values m the Tables of “ Expressions of the Forces m the Radnl and Trans ve] sol Directions 
derived fiom the Tabular Elements of the Enth s Action/’ with the “ Co efficients formed puioly 
from the Elements of the Earth’s Oblateness n 

I am disconcerted by the discoi dance between my results and those which have boon obt uned 
by other theousts But, after careful revision of my work, I can make no change m my 
numbers The numerical parts are not diffi cult of verification The principal theoiotical point 
is the form of connexion between “ the assumed established foices m diroct and transvoisil 
measures in regard to*radius vector/’ on the one hand, and “the lesulting distuibances of the 
Moon’s place as refened to the same directions,” on the othei hand At piesont, I will only 
remark on this, that the two forces m the direct and tiausversol measmes arc of tlio same 
order, and that I theiefore deem it indispensable that both be included m one comprehensive 
treatment 

I shall, as oppoitunity serves, endeavoui to le-venfy the whole process • 


Perturbations of the Moon in thf direction normax to the piane of tiii Ecttpiic 


The measures of the foices m the boxes of (J), ( E ), (L), (M), (A), (jR), are in the direction 
normal to the plane of o/y 9 directed from that plane , and we may tioat those movem< nts without 
any lefeience to the forces or changes of foice* m the preceding terms (B) to (J), 01 any otlioi 
forces, except they are extremely large, which is not the case heie The ladius-voctoi only is 
a large term, and the Earth s attraction is large, and then whole effect must not he omitted 
We shall consider the Moon’s orbit, before the new inequalities are mtioduccd, as a click, whoso 
radius is i, in the plane of coy and shall suppose the Moon to tiavel with tho speed i in ha 
orbit 


Now let a force + Z in the direction + z act upon tho Moon Tho Moon’s oidmato, at tho 
time t, would, if there weie no othei force, become^ ^ Z But the existonco of tho dis- 
placement Z will introduce another force The attraction of the cential body will now bo in 
a direction inclined to the plane xy } and will tend to dimmish the effect of tho foicc first 
consideied Let z be the true elevation of the Moon above the piano xy Then the iozco 
pioduced by the inclined attraction, tending to raise the Moon from the plane, will be 

- radnia Sector = - * And the whole force acting on the Moon in the dnection of swill ho 


Z - 


And the equation for the Moon’s motion will be,- 


+ z = Z, 


of which the integral is, — 


= cos z cos t 


Without using this geneial formula, it is easily seen that, foi any term of Z, of tho form 

m {cosme} nt > tte term of the ordxnate "A te r IT x teim of Z When Z is a constant, 01 a 
multiple of t, the value of z is the same as that of Z 



Section XI equations of the moon’s motions pkodcoed by the oblatentss 

OE THE EABTH I®® 

There are two circumstances upon which oui selection of teims fioin the Expoessuym of the 
force Z will depend The first is the magnitude of the external numencal multiplier m The 
second is the smallness of the divisoi i — n a , or the neai approach of n to i Foi the fiist of 
these I piopose to take, — 

The first and largest teim of (J) = — 3201 x io -10 x + 10043 * 10-4 x cos u , 

and that of (2\T) = + 16003 x io -10 x H 40 x io -t x cos u 

For the others I fix upon, — 

In (J) — 3201 x io- 10 x + 42 x 10-* x cos | u — %L | , 

In (E) and (L) — 11761 x io~ 10 x + 901 x io~ J x sm |/] , 

In ( M) + 3471 x io -10 x - 254 x io~ i x sm’ | %u - / | , 

In (M) + 3471 x io- 10 x + 449 x io- 1 x an |71 , 

In (JV) +3 6ooj x io- 10 x - 20 x io- 1 x cos | u — 2 / 1 

The first and largest teims pioduco — o" 0636 cos u This losult, whatever weie its 
magnitude, would be useless, as morely alteimg the pi icq of the node by a constant quantity 

For the other terms, each of which is to bo multiplied by the (actoi of vaiiation - — 
we have the following elements — 



Foi | u — z I) | 

loiy 

1 »« -i 1 

1 01 1 a - ij 1 

n 

— 0 983096 

b i 004022 

1 0 99597K 

1 

1 

1 

0 

0 

jC 

0 

0 






1 

+ 29 829 

— 124 08 

l 124 *>6 

~ 6l 9I 

1 — n 


The co efficients, as first foimed in teims ol llio Radius oJ tlio Moon’s Oibit, me to he 

multiplied by — for conversion into sexagesimal seconds , and finally wo obtain iho following 

expressions for distuibances produced by the Earth’s oblatenoss acting on the Moon in Iho 
normal to the plane of the Ecliptic — 

if 

— 0063 008 u 

+ O 008 COS 2 1 I 

— 22 730 sine / 

+ o 191 sine | ~Ju~- f | 

— 0041 cos fw —/| 


c c 2 
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Section XII— Effect of a Change in the Position of thf Pianl of tiii Sot ah 
Ecliptic, on the Apparent Place or the Moon 

The planets of the iSolar System aie undoubtedly, at all times, leciprocally chskubmg (m o 
veiy mmute degree) the fundamental elements of then motion round the Sun It is not 
probable that any of their effects, except those "which are constantly repeated m the same 
direction, will be sufficiently large to bo remarked by tenestnal observors One of these, how- 
ever, is a progiessive disturbance in the position of the plane of a planet's oibit round the Sun, 
causing that plane, m every successive , revolution of the pi met, to be moie ind more inclined 
to its ancient position , turning continually (though slowly) round an axis which passes tin ougli 
the centre of the Sun 

In the combined effect of all the attractions of these bodies, all the bodies aic undoubtedly 
disturbed But we shall here confine oui attention to the Sun, the Eaith, and the Moon The 
disturbances that concern us are not the absolute disturbance of each, but the lclativo disturbances 
of the Sun and Moon as viewed at the Earth These will be lightly estimated by ipplymg, to 
the Sun and the Moon, the disturbance of the Eaith with changed sign, m nidi lion io all 
disturbances to which they are liable fiom other causes , and thus, m fact, supposing tlu* Eaith 
to be stationary 

The Eaith being stationary, the Sun goes lound once m a yeai, and (omitting small p< nodual 
equations) with uniform angular velocity At first he goes round m the ongmal appiovunato 
plane of the Ecliptic , but in successive years he moves successively in (liifeiont planes, all 
crossing the ongmal plane m one line which passes tin ought the Sun at a special point of Ins 
orbit, and more and more increasing then inclination to the ongmal plme 

In the following in\ estigation we shall neglect all petimbations of olemonls and co efficients 
of small inequalities, except that which is under oui presont spocial treatment 

Let 8 = st be the Sun’s longitude as seen fiom the Eaith , s being constant 
*** = a Sun s linear elevation above the ongmal plane 

JS, the Sun's constant distance from the Earth 

M = mt , the Moon’s loDgitude as seen from the Earth , m being constant 
i, the Moon's constant distance from the Earth 
the Moon s linear elevation at the time t, above the ongmal plane 

The Sun's angular elevation as viewed from the Earth = 

The Sun’s disturbed angular elevation as viewed from the Moon 

ss g z 

.R-r 008 [ Af - S | JR cot. flf - S j 

or sensibly + UL cos I M E s I — £ 




Section XXI effect produced by a change in the position of the plane of - 

THE SOLAR EOLIPTIO, ON THE APPARENT PLACE OF THL MOON x.07 

The excess of the latter = g_ j , q°* GEEZI - 1 

ZP R 

Producing the force which tends to elevate the Moon (omitting small teims) 


? Sun’s AC isa 


COS I Jf- 8f I - Sun's Mass 


The total force acting on the Moon to increase z is 

+ <r 


x 

IP 


Earth’s Mass , r Son’s Mass r~H7 m cj„„ „ Tvr„„ 

r 3 *■ * Ri cos if — 8 | — g 


If the Sun’s elevation increase uniformly, <r = a t, wlieie a is oonstant , and Llio total noimal 
elevatmg force acting on the Moon = 

EarthN Mass Snn a Maqq ■) 

| 


2 X 


W 

{- 


. a Sun s Mass j , , _ 

+ Ri — t cos, pr - a | , 


where it will he remarked that the f ictor of * is the samo as m an mbit whoio the change oi 
Sun’s elevation is not recognised ° 

* This foice is the equivalent of ^ 

Substituting (for convemonce) — g z fol | FwtkN Mass ^ Sun’s Mush J 

+ k for a -® u -2 ~ w , 

and puttmg vt for | M — W] or f ntf — Tt \ , 

d*z 


Z n 

ji + (r z = & t oo% vt 


The general integral of the equation d ~ + <f z = V is, 

2 = C0S 008 V 1 ? + A cos gt q B sm gl , 

A and P bemg arbitianes (the same which occur in the solution for the equation in which tlio 
change of plane of oibit is not locognised) 

It will be found here that as- _- /S t cos \~M - £ | 

, a/e (m — s) 

~^{(m - a) - g y Sln \ M — * $ | + xL cos gi + Ji sm qt 

The second term, wnoso only vauable is M - 8, rquesents that pmt of » which denotes a 
plane orbit in unvaried position, the flirt term, m which anearly siimUx pait is multiplied by 


A 


On the reference to the term Zl^S. m Section IY, Pait I, page 67 


In aUnding, page 63, to tie mfcodocta of a tarn lt „ e5tpr ^ y „ totea ^ thl , „ 


~ — Tt — > » is expressly stated that this i B 

of exte^M pTa^etf k R “mhoweT * “ th " P ° Sltl0n ° f iU ° Sun P rodllCGd V the action 

or nlftrifitursf i. however impossible, in this tieatise, to enter into the details of solar 

can h pe Ur a lonas Produced by theso external causes, and theieforo no distinct meaning 

here be given to the terms Z<r, or Zg, as depending on that perturbing cause, or 
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Section Xin — Investigation oe the etiect produced on the Moon’s motion by Gradual 
Change op the Eliiptioity op the Earths Orbit, Acceleration op the Moon’s 

MEAN MOTION PRODUCED BY DIMINUTION OP THE ElLIPTICITY 


The apparent geocentric movements of the Moon, as affected by the attraction of the Sun, ait 
treated in the piecedmg Sections, on the supposition that the movements of the Center of Gravity 
of the System of " Eaith and Moon’ round the Sun are represented, veiy approximately, by the 
usual formulae foi elliptic motion With these are to be combined elliptic movements of the ifoon 
round the earth, and penodionl disturbances (pioduced by the Sun) of the Moon's Geocentnc 
Orbital Elements, producing a complicated effect on the Moon’s geocentric position, but with no 
elementary change of a constantly progressive chaiacter It has been thought, however, that 
researches in the planetary theory, have shown that some of the elements of hehocentiic position 
of “ Earth and Moon” undergo changes, which are small in amount, and m some measme 
periodical, but which, on the whole, pioduce m the Moon’s geocentric place a progressive cliango , 
sensibly umfoim, and continually m the same dnection thiough exceedingly long pcnods 

It is the object of the piesent Section to examine the effect thus pioduced on the Moon's move- 
ments by the giadual diminution of the elhpticity of the oibit of " Earth and Moon” lound the 
Sun 


The following notation will be employed thioughout this section It will bo observed that the 
Earth is considered as the centei of co ordinates It is understood that all motions ore m the 
plane of the Ecliptic 


A, the mean distance - - 

R, the true distance, at tune of obseivation 
a, the mean or introductory distance 
r, the true distance, at time of observation 
Nt 3 the mean longitude - 

F, the true longitude, at time of observation 
Tvk, the mean 01 introductory longitude ... 
v, the true longitude, at tune of observation 
E, the eccentricity, at time of observation 
S) the mean anomaly at time of observation 

R, the Sun’s radial disturbing force on the Moon in direction-^ 
from the Earth, at time of observation - 
the Suns tangential foice on the Moon, at tune of obseivation 


: the Sun 


:>< 

of the Moon 
}of the Sun 
of the Moon 
J-of the Solai Orbit 


} 


} 


j- 


I pioduced by the 
'Sun’s attraction 



Section XIII investigation of thf efifct produced on the moon’s motion by 

GRADUAL CHANGE OF .THE ELLIPTICITY Or THE EARTH’S ORBIT 


The symbol a, connected m the fiist instance with E, and so foi min g &E, will in. that combina- 
tion denote the Variation of excentncifcy of the Solai Orbit at the time of observation , in othei 
combinations, it will indicate the effect of that Variation of excentncity on othei elements The 
first power only of A, and, m correspondence with it, the first power only of t, will be employed 
All the Variations are supposed to commence at the same common ongin of time 


The investigation, if attempted m its utmost generality, would be troublesome, pimcipally 
from the great numboi of terms m its expansions To dimmish this difficulty, wo shall take 
the following measures As the object immediately sought is, the effect which is pi oduced on 
the Moon’s longitude, wo shall entirely omit the consideration of th^ Moon’s latitude, in so fai 
as it can produce penodical terms And as we do not desiro to investigate the excessively small 
changes (depending on the short penods which occur m lunar theories) connected with changes 

of the Moon’s anomaly, &c, we shall entirely omit, from the expression for the ponodical 

ternts produced by oxcentiicity 01 poituibations of the lunai orbit , preserving only the constant 
or non periodic term given in the fiist line of page 35, column 6 The arguments 8, (v— V), and 
their combinations, in the expansions shortly to bo exhibited, aio essential to the principal 
terms of tho formula representing the Sun’s action on the Moon 


Subjected to the omissions above mentioned, tho foimulse for the Sun’s forces on the Moon 
become the following (see pages 60 and 61 ) , 


B = Radial foice' 
on the Moon 
directed from 
the Earth 


+ 00839 * (I)’ (,7) X {' \r COS | 2V-zV | } 

+ (^) 4 (^•) , x{— coooa cos \v—V\ —00003 cos | yu— 3F | } 


T = Foice ocO 
celeratmg the [ 
Moon’s motion f 
in longitude - J 


— 00839 X Q x sm I W—2V I 

+ (^) 4 * { + 00001 sin | v— V | + 00003 Bin | jv—^V | ]■ 


the list figure in each multiplier bomg m the 5th decimal of semia"Ms of the Earth s orbit lound 
the Sun, and tho unit of time being the mean of the times in which tho Moon descnbos the 


angle 1, 01 ’ of tho Julian year, very nearly 
84 


In applying these foimulse, we shall omit the small toims multiplying | v — V | and 
J 3 » _ 3 p j > as not likely to pioduce results of sensible magnitude , and then multiphei 
(b) 4 ^ot he required 

For the complete expansion given below will he used For the mean value of Q 2 , wo 
shall use the constant value + 1 00469 the first line in the table of Section II , Column 6 , 
omtting entirely the periodic terms For | — aV j we shall use the complete expansions to 

he given below , 
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I We proceed now to give numerical values to the foimulre foi the foiees lately found , and 
we take, in the first place, the factoi 00839, which applies to the two most impoitant terms 
The number 00839 auses fiom the proportion of the Moon’s mean distance a to the Sun’s mean 
distance A , and consideiing the Sun’s mean distance to be invariable, the number 00839 may 
be stated as “ Parameter x a ” , and its Yanation will theiefore be " P irameter x A a ” Giving 
the propei value to the Paiameter, (as denved fiom the present state of movements, and never 
changing so much as to disturb sensibly the proportion of Variations), 

A ( 00839) = x Aa = 00839 x 

The value of ~ m terms of ^ will be a matter of subsequent mquny 


n We must now form the numerical value of (~y with its Vanation dependmg on A E 
and a a Le Verner’s "expression ” foi ^ 11 — • 

, zee 

(+ 1 00000+ 00014)— 0*677 cos 8 — 00014 cos 28, 

where 8 is the Sun’s mean anomaly, and the symbol’s AT and E placed above the co efficients 
denote the order of the powers of E which enter into those co efficients The numbei (the first 
in the line above), which is not attached to an aigument, consists m fact of two parts, of which 
the second only depends on E Taking the reciprocal of this "expression,” and forming its 
third powei, the expanded form foi is found to be 

I? E e 

(+ r 00001 — 00084) + 03038 cos 8 + 00353 cos 3/S 


When multiplied by +1 00469 (tho mean value of Q ) this becomes, for (iV 

fry £ 

WEE £3 

(i 00000 + 00470 - 00084) + 03031 cos 8 + 00333 009 28 


Its Variation is — 


A a 

- 00940 — 


AJE 

00168 -g- + 03031 cos S + 00306 cos 3 8 AE 


- 0303 sm 8 a 8- 00306 sin 3 8 a8 


AJS'1 

3 } 


‘I **“ S ' m ’ s ““ &aom ^ 7 > lepmd, only on the time elapsed, end is not in any wav 
affeeted hy the value of eooenWy , end, therefoie, as connected mth A S, aS = o Mi the 

Vanation of Q* is reduced to 

A a e 

- 00940 T + { - 00168 + 05031 cos 8 + 00506 cos 3/S } X — 

■* JS 



SECTION XIII INVESTIGATION OF THE FFFEOT PRODUCED ON XHE MOON’S MOTION BV 
GRADUAL CHANGE OF THE ELLIPTICITT OF THE EARTH’S ORBIT 

III The next te im foi exp ansion and Variation is cos | av - aV | The Variation of this 
formulae is -sm | zv — zV | x a \ %v — q,V\ Now v (which is the Moon's longitude 
measuied horn the Moon’s position when t = o), may be expi eased nearly by Ct a~t, and A F 

will be — £ Cl a ae Theiefoie the fiist part of A | zv — zV | is — Aa = — 311 ^ 

The second pait of a fw-aF | is — 3A F Heie, V=M + Solai Equation of the 
Oent ei, JSft + zE sin 8, and 2 a F = — 4 sin 8 A 2? And the entire Variation of 
cos | %v — %v | is 1 

- sm j aw- aF | 1 x{-3v~-4sm/& a E} 


IV The fouith term gives a lesult foi Variation which differs from that of the thir d torn 
m its 4 ngonomotn caI pait, only m adopting the multiphei + cos | zv — zV~\ instead of 
•—sin | zv — zV | It gives for Vanation of sm \ zv — %V | , 

+ cos | zv —2V [ x {— $v ~ — 4 sm 8 Aj *S) 

We shall now substitute, m the combinations foi forming R and T, the values which we have 
lately exhibited , and shall multiply together the separate lines as consecutive factors As has 
been stated befoi e, wo proceed only to the fiist oidei of aE 01 Act By aiiangmg the subordinate 
parts of each value m two gioups, pnncipal terms and small terms, wo shall have occasion only 
to multiply each group of small terms in one value, by the products of the principal terms of the 
othei values, and take the sum of the pioducts 

To form the Variation of R, the ladial foico on the Moon — • 


First Pari 

First factor,— °° 8 39 - + 00340 + 00 a 4 o x — 

Second factor, = Hi 00001 + ( — 00168 + 05038 cos 8 

+ 00504 cos 28) x 

Third factor, constant foi = H- 1 00469 + 00940 ~ 

The multiplications above mentioned will be the following, the terms which are obviously 
periodical bemg omitted, 

+ 1 00001 x + 1 00469 x + 00340 x — = + 00341 x — 

Ct ' Ct 

+ O 00340 X + 1 00469 X — ' 00168 X - OOOOO X ~ 

H o 00340 x + 1 00001 x — 00940 x — = — 00003 x y 


dd 
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Second Pabt 


Fust factoi, + 00839 

= 4- 00240 

+ 00240 x ~ 



Second factor, 

= + 1 00001 

+ (+ 00168 4- 

00 

c* 

0 

0 

cos S 



+ 00504 cos 

18) X 

LE 

~E 


Thud factoi, constant for = + i 00469 

Eonrth factor, cos ] 2 v — 2F j = 4- cos | 2V — 2? | 


— sm | zv — %Y | x (— %o o — 4 sin $ A#) 

The results of the multiplications are all periodical 

It appears therefore that the only non-penodical pait in the radial toice on the Moon is 
4- 00240 x ~ • 

E01 the Vanation of T, the tangential force on the Moon , on lemaikmg that its expiessum, 
expanded in the same order, will contain no term corresponding to the “ First Factoi ” o^ tlic 
“ Second Pait” above, and that, in other paits, sine and cosine are precisely mtcrch inged, it 
will be seen at once that the Variation of T has no non-penodical term 

It appeals therefore that, as far as the first power of small quantities, no change is produced 
m the Moon’s mean longitude by a change in the excentncity of the Eaith’s Orbit lound tlu 
Sun 


G B AIRY 



NUMERICAL LUNAR THEORY. 


INDEX 


GIVING THE 


NUMERICAL REFERENCE 


FOB EVERY 


ARGUMENT IN THE DEVELOPMENTS. 


<ld 2 



INDEX 


175 


INDEX GIVING THE EEEEEENCE EOE EVEEY AEG-UMENT IN THE 

DEVELOPMENTS 


Argument 



Argument 



Z - 3 S 
l - 2 Sf 
l _ Sf 
l 

l 4 S 
l 4 a Sf 
Z 4 3 b 

a Z — a Sf 
aZ - Sf 
a Z 


/ + Z - a Sf 

/ + Z - S 

f + * 

/ + I + Sf 

/ + u.s 

/ + ai - Sf 

f + 

/" 4 2 Z 4 S 

/ + 3 Z - Sf 

/ + 3 Z 
/ + 3 Z + 5 

/ + 4 Z 

/ 4 sz 




a Z 

4 


& 

28 

a/ - 

42 




a Z 

4 

a 

Sf 

9 1 











*/- 

3 l 




3 Z 

— 

2 

Sf 

236 






3 Z 

— 


s 

60 

a/- 

a Z 

— 



3 Z 




i3 

»/ " 

a Z 




3 Z 

4 


s 

61 

a/ - 

a Z 

4 



4 Z 



& 

no 

a/ - 

Z 

— 



4 Z 




33 

a / ^ 

Z 




4 Z 

4 


s 

136 

2 / - 

Z 

4 



5Z 




68 



— 








a/ 










»/ 


4 



6 Z 




a37 











2 / 4 

Z 

— 








4 

z 


/ 

— 

5 Z 




+67 

a/ 4 

z 

4 

/ 

_ 

4* 




401 

a/ 4 

2 Z 

— 








2 / 4 

a Z 


/ 

— 

3 Z 

— 


Sf 

399 

2 / 4 

2 Z 

4 

/ 

— 

3 Z 




338 




/ 

— 

3 Z 

4 


Sf 

400 

4 

3 Z 

— 








ay 4 

3 Z 


/ 

— 

aZ 

_ 


s 

363 




/ 

— 

aZ 




3io 

ay 44 ^ 


./ 

- 

aZ 

4 


s 

365 




/ 


Z 


2 

s 

397 

3 /- 

3 Z 


/ 

_ 

Z 

— 


s 

3a5 




/ 

— 

Z 




3o3 

3 / - 

a Z 


/ 

— 

Z 

4 


s 

3 22 




/ 

— 

Z 

4 

2 

s 

398 

3 / - 

Z 

— 








3 / - 

z 


/ 



- 

2 

s 

391 

3 / - 

z 

4 

/ 



— 


s 

326 




/ 






3or 

3 / 



/ 



4 


s 

3 20 




/ 



4 

a 5 

392 

3/ + 

z 



3/ + a Z 
3/ + 3Z 

’4 f-%1 
4 /*- * 

4/ 

4/ + * 

4/ + a Z 

I? - 3/ 

- a/ - Z 
D - 2 / 

D - a/ 4 

V — zj l l 

D - f - aZ 

I> - /- Z 
I> - / - Z + 


/ *■ * 

/ 4 Z 4 5 

/ 4 aZ 

/* + 2 l 4 5 


- 3 Z 

- 3Z 4 S 

- aZ - 5 

- a Z 

- a Z 4- S 

- Z - S 

- z 

- Z 4 5 

- a iS 





176 INDEX 


INDEX GIVING THE REFERENCE FOR EVERT ARGUMENT IN THE 
DEVELOPMENTS — continued 









INDEX 


177 


INDEX GIVING I HE DEFERENCE FOR FVER1 ARGUMENT IN THE 
DEVELOPMENTS — continued 


Argument 

Peference 

:No 

2 O + / - - a S 

4 56 

2 O + f — 2 l — S 

40 S 

2 D + / — 2 l 

337 

2 O + / — 2 Z + iS 

406 

2 O + t - /-ZS 

364 

2 z? h / - z - s 

3 i* 

2O + / - Z 

3 o 5 

2 O + / - Z + *7 

335 

aD + / — / + a S 

404 

ai) + / - a ST 

3 60 

aO + f - S 

3 i 6 

a O * / 

307 

a O + / + S 

3 4 r 

2 O + /■ + Z - - 9 

402 

a O + / + Z — iS 

344 

a O + ^ + L 

3 x 3 

2 O + / + Z + 5 

373 

a O + / + a Z - S 

3qo 

a O + / + a Z 

339 

2.0 + y*HaZ 4 s 

403 

2 0 + / + 3 Z 


2 O + a/ — 3 Z 

107 

2 O H a/ — a Z - S 

143 

2 D + 2/ - . Z 

4 i 

2 O H ft./ — 2 / + S 

.38 

2 O + a/* — Z-zS 

177 

2 O + a/ — / - S 

141 

a O + a / — Z 

48 

2 O + a} - Z + .S 

161 

a O H a/ — 2 S 

175 

a O + a/ - S 

i 5 x 

2 O + ay 

XXX 

2 O + 2/ + 5 

i63 

2 O + a/ + Z - ST 

1 65 

aO + 2/ + Z 

1S0 

2 JO i- a/ + Z + ST 

184 

aD + 2/ h 2 Z *- S' 

a 1a 

2 JO + 2/ + 2 Z 

102 

a O + a/ + 3 Z 

234 

2 JO + 3/ - 2 Z 

409 

aD + 3 /- Z - S 

443 

2 O + 3 / - Z 

i 7I 

aO + 3 / - S 

444 

-0 + 3y 

379 


Aigument 

Reference 

No 

aO 

+ 

3/ + 

z 



408 

aO 

+ 

4 f - 

l 



i 83 

2 O 

+ 

4/ 




192 

3 O 

- 

3/ 




478 

^ O 

- 

%s - 

l 



179 

3 O 

— 

*/ 


_ 

s 

204 

3 O 

— 

*/ 




82 

3 O 

- 

*/ + 

l 



209 

3 O 

- 

i - 

2 l 



442 

3 O 



f - 

/ 



367 

30 

— 

f - 

l 

t- 

s 

47 i 

30 

__ 

/ 




S 

439 

3 O 

— 

y 




36 x 

3O 

— 

y 


+ 

s 

440 

3 O 

- 

/ H 

l 



441 

3 O 


+ 

3 / 



148 

3 O 


_ 

2 Z 

_ 

s 

199 

3 O 


— 

2 Z 



65 

3 O 


— 

-Z 

+ 

s 

219 

3 O 


_ 

l 



s 

142 

3 O 


— 

l 



36 

30 


- 

l 

+ 

s 

73 

3 O 






a <? 

z55 

3 O 




— 

S 

87 

3 O 






40 

3 O 




+ 

b 

81 

•> O 


+ 

l 



s 

210 

3 O 


+ 

l 



72 

30 


+ 

l 

+ 

s 

20 5 

30 


+ 

a l 



20S 

3 O 

+ 

/" 

2 Z 



438 

3 O 

+ 

/“ 

Z 



376 

3 O 

+ 

/- 

Z 

+ 

s 

I.70 

3 O 

+ 

/ 




452 

3 O 

+ 

/ 


+ 

s 

477 


Aigument 

CD 

V 

JN 

Pi 

3 .D + f + 

« 

z 


469 

3 V + zJ - 

z 


aa9 

IV V if 

• 



a5o 

4 -V - 3/ - 

z 


45 1 

4-0 - IJ 



425 

4-D-z/- 

3 Z 


191 

4 -D - 2 / ~ 

a Z 


126 

4-0 - ./- 

l - 

S 

i 7 3 

4 0 -./- 

Z 


70 

\D - if - 

l H 

s 

i 85 

4-O-a / 

— 

s 

*74 

40 - 2^ 



67 

4 0-2/ 

1 

£ 

z 88 

4 D — 2 / + 

z 


1 33 

4 O - / - 

4Z 


461 

1 

'S 

1 

3 L 


448 

40 - / - 

2 Z — 

s 

424 

4 0 - / - 

a Z 


355 

4 O - / - 

a Z h 

6 

460 

4 0 - y - 

/ - 

a S 

4 a 3 

40 - / - 

Z - 

S 

356 

4 V - f - 

/ 


3 x 8 

4-0 - f - 

/ H 

s 

374 

4-0 - / 


a S 

421 

4 O - y 

— 

S 

358 

40 - / 



329 

40 - y 

+ 

S 

387 

4 0 - / + 

/ - 

s 

422 

40 - / h 

z 


357 

4 0 — j + 

l -1 

£ 

465 

40 - y + 

aZ 


449 

4 O 

5 Z 


227 

4 0 

4 / 


xz 5 

40 

3 Z * 

s 

xo6 

40 

3 l 


66 

4 O 

3 Z + 

6 

1x6 






178 




INDEX GIVING THE REFERENCE FOR EVERY ARGUMENT IN THE 
DE VELOPMENTS — concluded 


Argument 

- 

s 

JsS 

Argument 




2 Z 


2 £ 

* 128 

4-D + 

/ + 

2 



— 

2 2 

— 

£ 

39 

427 + 

/ + 

Z 

427 


— 

2 2 



18 




+ i> 


— 

2 2 

+ 

£ 

58 

4 D + 

/ + 

2 l 

42? 


— 

2 2 

+ 

a £ 

218 




4-D 


_ 


— 

3 £ 

• 

2 5» 

4-0 + 

a/- 

3 Z 

427 


— 


— 

2 £ 

127 




427 


— 


— 

£ 

35 

427 + 

a/- 

2 Z 

427 


— 




14 

4-0 + 

a/- 

2 Z 

427 


— 


+ 

£ 

54 




+ D 


— 


+ 

2 £ 

220 

+ 

»/- 

Z 








427 + 

a/- 

Z 

427 




— 

2 £ 

i3z 




427 




— 

5 

49 

4-D + 

a/ 


427 







4-D + 

*/ 


4-D 




+ 

£ 

smBtS 




427 




+ 

2 £ 

K|ll 

4D + 

2 / + 

z 

4-D 


+ 

2 

_ 

3 £ 





4^ 


+ 

2 

— 

a£ 

iUrrM 




4 D 


+ 

2 

— 

£ 


527 

_ 

2 Z 

4-0 


+ 

2 



iirra 




4-D 


+ 

2 

+ 

9 

134 

527 


z 

4^ 


+ 

22 



2 S 

253 

527 



4 *5 


+ 

2 2 

— 

£ 

i3o 




42? 


+ 

a 2 



104 




4-D 


+ 

22 

+ 

£ 

243 











6 27 - 

2 / - 

z 

42? 


+ 

32 



1 38 











627 - 

*/ 


427 + 

f 

— 

32 



447 











6 27 - 

/ - 

3 Z 

4-£ + 

s 

— 

22 

— 

£ 

375 




427 + 

f 

— 

2 2 



332 

62? - 

/ - 

aZ 

427 + 

f 

— 

22 

+ 

£ 

420 











627 - 

f - 

Z 

427 + 

/ 

— 

2 

— 

£ 

370 




427 + 

/ 

— 

2 



*3o 

627 - 

/ 


427 + 

/ 

— 

2 

+ 

£ 

419 




427 - 

f 



_ 

£ 

388 




4 27 + 

f 





3a5 

627 


4Z 

4 27 + 

f 



+ 

£ 

463 



T * 



£ 


479 

^77 


6 2? 
6 27 
6 2? 


461 

187 


6 2 ? 
6 2 ? 
6 2? 


Argument 


-3 Z - 

- 3/ 
-3 Z + 

— a Z — 

— 1 Z 

- aZ + 


£ 

5 

£ 


228 

1J9 

182 

157 


245 

166 


a3o 


6 2 ? 
6 2 ? 
62? 

62? 

62? 

62? 

62 ) 

62 ) 


1 - 

2 

/ + 


+ 

+ l - 
+ Z 


62? + 2 Z 


i3o 

194 

195 


62? + / - 3 Z 

6 27 + / - aZ 

6 27 + /- 2 


189 

190 

466 

4*9 

428 


817 
8 2 ? 
8 2 ? 


4*7 


- 32 


- 2 2 


2 



£ 

9 


226 

172 

232 


£ 

£ 


129 

121 

*~4 


£ 

£ 


i35 

123 

a 3 i 


S 

£ 


.221 

X3l 

256 


£ 


248 

140 

Ml 


45o 

426 

45 ? 

244 

233 

*49 


215 










